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From the Authors 


By tradition, trigonometry is an important component 
of mathematics courses at high school, and trigonometry 
questions are always set at oral and written examina- 
tions to those entering universities, engineering colleges, 
and teacher-training institutes. 

The aim of this study aid is to help the student to mas- 
ter the basic techniques of solving difficult problems in 
trigonometry using appropriate definitions and theorems 
from the school course of mathematics. To present the 
material in a smooth way, we have enriched the text 
with some theoretical material from the textbook Algebra 
and Fundamentals of Analysis edited by Academician 
A. N. Kolmogorov and an experimental textbook of the 
same title by Professors N.Ya. Vilenkin, A.G. Mordko- 
vich, and V.K. Smyshlyaev, focussing our attention on 
the application of theory to solution of problems. That 
is why our book contains many worked competition 
problems and also some problems to be solved independ- 
ently (they are given at the end of each chapter, the 
answers being at the end of the book). 

Some of the general material is taken from Elementary 
Mathematics by Professors G.V. Dorofeev, M.K. Potapov, 
and N.Kh. Rozov (Mir Publishers, Moscow, 1982), which 
is one of the best study aids on mathematics for pre- 
college students. 

We should like to note here that geometrical problems 
which can be solved trigonometrically and problems 
involving integrals with trigonometric functions are 
not considered. 

At present, there are several problem books on mathe- 
matics (trigonometry included) for those preparing to 
pass their entrance examinations (for instance, Problems 
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at Entrance Examinations in Mathematics by Yu.V. Nes- 
terenko, S.N. Olekhnik, and M.K. Potapov (Moscow, 
Nauka, 1983); A Collection of Competition Problems in 
Mathematics with Hints and Solutions edited by A.I. Pri- 
lepko (Moscow, Nauka, 1986); A Collection of Problems in 
Mathematics for Pre-college Students edited by A.I. Pri- 
lepko (Moscow, Vysshaya Shkola, 1983); A Collection of 
Competition Problems in Mathematics for Those Entering 
Engineering Institutes edited by M.I. Skanavi (Moscow, 
Vysshaya Shkola, 1980). Some problems have been bor- 
rowed from these for our study aid and we are grateful 
to their authors for the permission to use them. 

The beginning of a solution to a worked example is 
marked by the symbol <q and its end by the symbol p>. 
The symbol p indicates the end of the proof of a state- 
ment. 

Our book is intended for high-school and pre-college 
students. We also hope that it will be helpful for the 
school children studying at the “smaller” mechanico- 
mathematical faculty of Moscow State University. 
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Chapter 1 
Definitions and Basic Properties 
of Trigonometric Functions 


{.1. Radian Measure of an Arc. Trigonometric Circle 


{. The first thing the student should have in mind when 
studying trigonometric functions consists in that the 
arguments of these functions are real numbers. The pre- 
college student is sometimes afraid of expressions such 
as sin 1, cos 15 (but not sin 1°, cos 15°), cos (sin 1), and so 
cannot answer simple questions whose answer becomes 
obvious if the sense of these expressions is understood. 

When teaching a school course of geometry, trigonomet- 
ric functions are first introduced as functions of an angle 
(even only of an acute angle). In the subsequent study, 
the notion of trigonometric function is generalized when 
functions of an arc are considered. Here the study is not 
confined to the arcs enclosed within the limits of one 
complete revolution, that is, from 0° to 360°; the student 
is encountered with arcs whose measure is expressed by 
any number of degrees, both positive and negative. The 
next essential step consists in that the degree (or sexage- 
simal) measure is converted to a more natural radian 
measure. Indeed, the division of a complete revolution 
into 360 parts (degrees) is done by tradition (the division 
into other number of parts, say into 100 parts, is also 
used). Radian measure of angles is based on measuring 
the length of arcs of a circle. Here, the unit of measure- 
ment is one radian which is defined as a central angle 
subtended in a circle by an arc whose length is equal to 
the radius of the circle. Thus, the radian measure of an 
angle is the ratio of the arc it subtends to the radius of 
the circle in which it is the central angle; also called 
circular measure. Since the circumference of a circle of 
a unit radius is equal to 2m, the length of the arc of 360° 
is equal to 2m radians. Consequently, to 180° there corre- 
spond m radians. To change from degrees to radians and 
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vice versa, it suffices to remember that the relation be- 
tween the degree and radian measures of an arc is of 
proportional nature. 


Example 1.1.14. How many degrees are contained in 
the are of one radian? 
qWe write the proportion: 


If wm radians = 180°, 
and 1 radian = z, 
then ri me 57.29578° or 57°17'44.8". pb 


Example 1.1.2. How many degrees are contained in 


35 ; ; 
the arc of —~_ radians? 


42 
4 If m radians = 180°, 
and sd radians = 2, 


then c= ( 5" 180°) fn = 525°. > 


Example 1.1.3. What is the radian measure of the arc 
of 1984°? 


lf a radians = 180°, 
and y radians = 1984”, 


m-1984  496n i 
oo aa aaa a 


then y= 

2. Trigonometric Circle. When considering either the 
degree or the radian measure of an arc, it is of importance 
to know how to take into account the direction in which 
the arc is traced from the initial point A, to the terminal 
point A,. The direction of tracing the arc anticlockwise is 
usually said to be positive (see Fig. 1a), while the direc- 
tion of tracing the arc clockwise is said to be negative 
(Fig. 1b). 

We should like to recall] that a circle of unit radius with 
a given reference point and positive direction is called the 
trigonometric (or coordinate) circle. 
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Usually, the right-hand end point of the horizontal 
diameter is chosen as the reference point. We arrange 
the trigonometric circle on a coordinate plane with the 


Ap \ 


Fig. 1 


rectangular Cartesian coordinate system introduced 
(Fig. 2), placing the centre of the circle into the origin. 
Then the reference point has the coordinates (1, 0). We 
denote: A = A (1, 0). Also, let B, C, D denote the points 
BO, 1), C(—1, 0), 
D (O, —1), respectively. 

The trigonometric cir- 
cle will be denoted by S. 
According to the afore- 
said, 


S = {(z,y): 27+ y® = 1}. 


3. Winding the Real 
Axis on the Trigonometric 
Circle. In the theory of D(0,-1) 
trigonometric functions 
the fundamental role is Fig. 2 
played by the mapping 
P: RS of the set R of real numbers on the coordi- 
nate circle which is constructed as follows: 

(1) The number ¢ = 0 on the real axis is associated 
with the point A: A = P,p. 

(2) If ¢>0, then, on the trigonometric circle, we 
consider the arc AP,, taking the point A = P, as the 
intitial point of the arc and tracing the path of length ¢ 


C(-1,0) 
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round the circle in the positive direction. We denote the 
terminal point of this path by P; and associate the num- 
ber t with the point P; on the trigonometric circle. Or 
in other words: the point P,; is the image of the point 
A = P, when the coordinate plane is rotated about the 
origin through an angle of ¢ radians. 

(3) If ¢ << 0, then, starting from the point A round the 
circle in the negative direction, we shall cover the path of 
length |¢|. Let P; denote the terminal point of this 
path which will just be the point corresponding to the 
negative number ¢. 

As is seen, the sense of the constructed mapping P: R > 
S consists in that the positive semiaxis is wound onto 
S in the positive direction, while the negative semiaxis 
is wound onto S in the negative direction. This mapping 
is not one-to-one: if a point F € S corresponds to a num- 
ber ¢ € R, that is, F = P,, then this point also corre- 
sponds to the numberst + 2n, t — 2m: F = Piion = 
Pi-on- Indeed, adding to the path of length ¢ the 
path of length 2n (either in the positive or in the nega- 
tive direction) we shall again find ourselves at the point F, 
since 2x is the circumference of the circle of unit radius. 
Hence it also follows that all the numbers going into 
the point P; under the mapping P have the form ¢ + 2k, 
where & is an arbitrary integer. Or in a briefer formula- 
tion: the full inverse image P-! (P,) of the point P, 
coincides with the set 


{é + 2mk: k € Z}. 


Remark. The number ¢ is usually identified with the 
point P, corresponding to this number, however, when 
solving problems, it is useful to find out what object is 
under consideration. 

Example 1.1.4. Find all the numbers ¢ € R correspond- 
ing to the point F€S with coordinates. (—Y 2/2, 
— VY 2/2) under the mapping P. 

q The point F actually lies on S, since 


(—-E Ye (—y ep tet 
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Let X, Y denote the feet 
of the perpendiculars drop- 
ped from the {point F on 
the coordinate axes Ox and 
Oy (Fig. 3). Then | XO | = 
| YO |=] XF |, and 
AXFO is a right isosceles 
triangle, ZXOF = 45° = 
1/4 radian. Therefore 
the magnitude of the arc 
Om 
4? 
and to the point F there Fig. 3 
correspond the numbers 


om 2nk, k€Z, and only they. p 


Example 1.1.5. Find all the numbers corresponding to 
the vertices of a regular N-gon inscribed in the trigono- 


AF is equal ton + = 


metric circle so that one of the vertices coincides with the 

point P, (see Fig. 4 in which N = 5). 

qThe vertices of a regular N-gon divide the trigonomet- 

ric circle into N equal arcs of length 2n/N each. Con- 

sequently, the vertices of the given N-gon coincide 

with the points A, = P  2als where! =0,1,...,N — 1. 
N 


Therefore the sought-for numbers t € R have the form 
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1 -|- = , where & € Z. The last assertion is verified in the 
following way: any integer k € Z can be uniquely written 
in the form k = Nm + l, where O< 1<= N —1 and m, 
Ll € Z, l being the remainder of the division of the integer 
k by N. It is now obvious that the equality 1 + za 


N 
1+ = + 2nm is true since its right-hand side con- 


tains the numbers which correspond to the points an onl 


N 
on the trigonometric circle. p> 

Example 1.1.6. Find the points of the trigonometric 
circle which correspond to the following numbers: (a) 3/2, 
(b) 13/2, (c) —15/4, (d) —17n/6. 
(a) = Fen, therefore, to the number = there 
corresponds the point D with coordinates (0, —1), since 
the arc AD traced in the positive direction has the mea- 
sure equal tos 


(b) — = 3-2n +4, consequently, to the number = 
there corresponds the point B (O, 1): starting from the 
point A we can reach the point B by tracing the trigono- 


metric circle in the positive direction three times and 


of a complete revolution (Fig. 5). 
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then covering a quarter of revolution (x/2 radian) in the 
same direction. 

(c) Let us represent the number —15n/4 in the form 
20k -- tj, where & is an integer, and ¢, is a number such 
that O< t, < 2n. To do so, it is necessary and sufficient 
that the following inequalities be fulfilled: 


2nk< —150/4< 2n (k + 1). 


Let us write the number —15n/4 in the form —34 i 


—4n +>, whence it is clear that k= —2, th=n/4, 


and to the number ¢ =?—15mn/4 there corresponds a 
point E = P,,, such that the size of the angle EOA is 
n/4 (or 45°). Therefore, to construct the point P_i55;4, we 
have to trace the trigonometric circle twice in the negative 
direction and then to cover the path of length 1/4 corre- 
sponding to the arc of 45° in the positive direction. The 


point # thus obtained has the coordinates (V 2/2, V 2/2). 


(d) Similarly, —“7 = —2 2 n=—2n—*2 ~— 34 


, and in order to reach the point F = P_47n;¢ (start- 
ing from A), we have to cover one and a half revolutions 
(3m radians) in the negative direction (as a result, we 
reach the point C (—1, 0)) and then to return tracing an 
arc of length x/6 in the positive direction. The point F 


has the coordinates (—Y 3/2, —1/2). >» 

Example 1.1.7. The points A = Py, B = Pay, C = 
Pz, D = Pgny2 divide the trigonometric circle into 
four equal arcs, that is, into four quarters called quad- 
rants. Find in what quadrant each of the following points 
lies: (a) Py9, (b) Ps, (c) Ps. 
<qTo answer this question, one must know the approxi- 
mate value of the number x which is determined as half 
the circumference of unit radius. This number has been 
computed to a largenumber of decimal places (here are the 
first 24 digits: m ~ 3.141 592 653 589 793 238 462 643). 

To solve similar problems, it is sufficient to use far Jess 
accurate approximations, but they should be written in 
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the form of strict inequalities of type 


a1 <n <3.2 (1.4) 
0.144 <n < 3.15, (4.2) 
3.441 <n < 3.142. (1.3) 


Inaccurate haudling of approximate numbers is a flagrant. 
error when solving problems of this kind. Such problems 
are usually reduced to a rigorous proof of some inequali- 
ties. The proof of an inequality is, in turn, reduced to 
a certain obviously true estimate using equivalent 
transformations, for instance, to one of the estimates 
(1.41)-(1.3) if from the hypothesis it is clear that such 
an estimate is supposed to be known. In such cases, some 
students carry out computations with unnecessarily 
high accuracy forgetting about the logic of the proof. 
Many difficulties also arise in the cases when we have to 
prove some estimate for a quantity which is usually 
regarded to be approximately known to some decimal 
digits; for instance, to prove that n > 3 or that n < 4. 
The methods for estimating the number x are connected 
with approximation of the circumference of a circle with 
the aid of the sum of the lengths of the sides of regular 
N-gons inscribed in, and circumscribed about, the trigo- 
nometric circle. This will be considered later on (in 
Sec. 5.1); here we shall use inequality (4.1) to solve 
the problem given in Example 1.1.7. 
Let us find an integer k such that 


BE 49. 2D, 4) 


Then the number of the quadrant in which the point P,, is 
located will be equal to the remainder of the division of 
the number k -+ 1 by 4 since a complete revolution con- 
sists of four quadrants. Making use of the upper estimate 


m << 3.2, we find that EO 9.6 for k = 6; at the same 


time, m>34 and SPOT TW 3.4.3.5 = 10.85. 
Combining these inequalities with the obvious inequality 


9.6 < 10 < 10.85, 
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we get a rigorous prool of the fact that inequality (4.4) 
is fulfilled for k = 6, and the point P,, lies in the third 
quadrant since the remainder of the division of 7 by 4 
is equal to 3. 


In similar fashion, we find that the inequalities 
nk mt (k-+4) 
ee <r = 


are valid for k=5, since r° < 3.2+5 


2 
a = 9.3. Consequently, the point P, lies in the 


= 8 and as> 


second quadrant, since the remainder of the division of 
the number k -+ 1 = 6 by 4 is equal to 2. The point P_,, 
symmetric to the point P, with respect to the z-axis, lies 
in the third quadrant. p> 


Example 1.1.8. Find in which quadrant the point 
Plyi-u7a lies. 
q Let us find an integer & such that 


wk/2<—V5—VYT7<mn(k-+1)/2. (1.5) 
To this end, we use the inequalities 
D2 V5 28. 
19< V7<2, 
whose validity is ascertained by squaring and cubing both 
sides of the respective inequality (let us recall that if 
both sides of an inequality contain nonnegative numbers, 


then raising to a positive power is a reversible transforma- 
tion). Consequently, 


45) 5-7 1S A: (1.6) 


Again, let us take into consideration that 3.4< a < 3.2. 
Therefore the following inequalities are fulfilled: 


nm (—3)/2 << —4.65 < —4.3, (1.7) 

mw (—2)/2 > —3.2 > —4.1. (1.8) 

From inequalities (1.6)-(1.8) it follows that (1.5) is 
valid for k = —3, consequently, the point P37 


lies in the second quadrant, since the remainder after the 
division of the number —3 + 1 by 4 is equal to 2. >» 


2—01644 
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1.2. Definitions of the Basic Trigonometrie Functions 


1. The Sine and Cosine Defined. Here, recall that in 
school textbooks the sine and cosine of a real number ¢t € 
R is defined with the aid of a trigonometric mapping 


P:R S. 
Definition. Let the mapping P associate anumbert € R 


with the point P, on the trigonometric circle. Then the 
ordinate y of P, is called 


the sine of the number f¢ and 
the cosine of the num- 
ber ¢ and is denoted by 
cost. 

Let us drop perpendicu- 
lars from the point P;, on 
the coordinate axes Ox and 

Vig. 6 ulars. Then the coordinate 

of the point Y, on the 

y-axis is equal to sint, and the coordinate of the 
point X, on the x-axis is equal to cos ¢ (Fig. 6). 
_ The lengths of the line segments OY, and OX, do not 
exceed 1, therefore sin ¢ and cos ¢ are functions defined 


4(cost,sint) is symbolized sin é, and 

» the abscissa z of P, iscalled 

Oy. Let X; and Y, denote 

the feet of these perpendic- 

throughout the number line whose values lie in the closed 
interval [— 1, 1]: 


D (sin t) = D (cos t) = R, 
F (sin t) = E (cos t) = [ —4, 4]. 


The important property of the sine and cosine (the 
fundamental trigonometric identity): for any t € R 


sin® t +- cos? t = 1. 


Indeed, ‘the coordinates(z, y) of the point P, on the trig- 
onometric circle satisfy the relationship 2? + y?=1, 
and consequently cos? ¢ + sin? t = 1. 

Example 1.2.1. Find sin ¢ and cost if: (a) t = 3n/2, 
(b) ¢ = 1380/2, (c) t = —15n/4, (d) t = —17x/6. 


1.2. Definitions 19 


qin Example 1.1.6, it was shown that 
P3nj2=D(0, —1), Pisny2= BO, 1), 


P_ignys = E(y 2/2, V 2/2), P_irxy6 — (> V 3/2, — 1/2). 

Consequently, sin (31/2) = —1, cos (37/2) = 0; 
sin (13/2) =1, cos (13/2) ==0; sin (—4152/4)= VY 2/2, 
cos (—45n/4) = Y 2/2; sin (—17n/6) = — 1/2, 
cos (— 17/6) = —Y 3/2. > 

Example 1.2.2. Compare the numbers sin 1 and sin 2. 
qConsider the points P, and P, on the trigonometric 
circle: P, lies in the first quadrant and P, in the second 
quadrant since n/2<2<n. 
Through the point P,, we 
pass a line parallel to the 
x-axis to intersect the cir- 
cle at a point ZL. Then the 
points & and P, have equal 
ordinates. Since ZAOE = 
ZP,OC, E = Px, (Fig. 7), 
consequently, sin 2= 
sin (m% — 2) (this isa partic- 
ular case of the reduction 
formulas considered below). 
The inequality n —2>1 
is valid, therefore sin (xn — Fig. 7 
2) > sini, since both 
points P, and P,-, lie in the first quadrant, and when 
a movable point traces the arc of the first quadrant 
from A to B the ordinate of this point increases from 0 
to 1 (while its abscissa decreases from 1 to 0). Conse- 
quently, sin2 >sin1. > 

Example 1.2.3. Compare the numbers cos 1 and cos 2. 
<qThe point P, lying in the second quadrant has a nega- 
tive abscissa, whereas the abscissa of the point P, is 
positive; consequently, cos 1 ->>0-> cos 2. p> 

Example 1.2.4. Determine the signs of the numbers 
sin 10, cos 10, sin 8, cos 8. 
q It was shown in Example 1.1.7 that the point P,, lies 
in the third quadrant, while the point P, is in the second 
quadrant. The signs of the coordinates of a point on the 
trigonometric circle are completely determined by the 
2@ 
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position of a given point, that is, by the quadrant in 
which the point is found. For instance, both coordinates 
of any point lying in the third quadrant are negative, 
while a point lying in the second quadrant has a negative 
abscissa and a positive ordinate. Consequently, sin 10 <0, 
cos 10 <0, sin 8>0, cos 8< 0. bP 

Example 1.2.5. Determine the signs of the numbers 


sin(V5+ 4/7) and cos(V5+ 7/7). 


<q From what was proved in Example 1.1.8, it follows that 


m<VY5+V7<3n/2. 


Consequently, the point Pars lies in the third 


+77 
quadrant; therefore 


sin(V5+7/7) <0, cos(V¥5+7/7) <0. p 


Note for further considerations that sin ¢ = 0 if and 
only if the point P, has a zero ordinate, that is, P,; = A 
or C, and cos t = O is equivalent to that P; = B or D 
(see Fig. 2). Therefore all the solutions of the equation 
sin ¢ = O are given by the formula 


=n, neZ, 


and all the solutions of the equation cos ¢ = 0 have the 


form 


: t= > +n, ne. ‘ 


2. The Tangent and Cotangent Defined. 

Definition. The ratio of the sine of a number ¢ € R to 
the cosine of this number is called the tangent of the 
number ¢ and is symbolized tan t. The ratio of the cosine 
of the number ¢ to the sine of this number is termed the 
cotangent of t and is denoted by cot tf. 

By definition, 


sin ¢ cos ¢t 
= t ae 
tan? cost ’ cot sini ° 
sin t 


The expression has sense for all real values 


os t 
of t, except those for which cos ¢==0, that is, except 
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for the values t= +nk, 


keé€Z, and the expression 
cot ¢ has sense for all val- 
ues of ¢, except those for 
which sin t = 0, that is, 
except for t= nk, kk € Z. 
Thus, the function tan ¢ is 
defined on the set of all 
real numbers except the 


numbers ¢ = > +k, k €Z. 


The function cot ¢ is defined |Z 
on the set of all real num- 
bers except the numbers Fig. 8 


t=nk, k€Z. 

Graphical representation of the numbers tan ¢ and cot ¢ 
with the aid of the trigonometric circle is very useful. 
Draw a tangent AB’ to the trigonometric circle through 
the point A = Py, where B’ = (1, 1). Draw a straight 
line through the origin O and the point P; and denote the 
point of its intersection with the tangent AB’ by Z, 
(Fig. 8). The tangent AB’ can be regarded as a coordi- 
nate axis with the origin A so that the point B’ has the 
coordinate 1 on this axis. Then the ordinate of the point 
Z, on this axis is equal to tan t. This follows from the 
similarity of the triangles OX ,P; and OAZ, and the defini- 
tion of the function tan t. Note that the point of inter- 
section is absent exactly for those values of ¢ for which 


P,=8B or D, that is, for t => + man, n € Z, when the 


function tan ¢ is not defined. 

Now, draw a tangent BB’ to the trigonometric circle 
through the point B and consider the point of intersection 
W, of the line OP, and the tangent. The abscissa of W, 
is equal to cott. The point of intersection W, is 
absent exactly for those ¢ for which P; = A or C, that is, 
when t = mn, n € Z, and the function cot t is not defined 
(Fig. 9). 

In this graphical representation of tangent and cotan- 
gent, the tangent lines AB’ and BB’ to the trigonometric 
circle are called the line (or axis) of tangents and the line 
(axis) of cotangents, respectively. 
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Example 1.2.6. Determine the signs of the numbers: 
tan 10, tan 8, cot 10, cot 8. 


qin Example 1.2.4, it was shown that sin 10 < 0 and 
cos 10<0, sin8>0 and cos8<0, consequently, 
tan 10 > 0, cot 10 >0, tan 8 <0, cot 8< 0. 


Fig. 10 


Example 1.2.7. Determine the sign of the number 
cot (V5 4+ 77). oo 
in Example 1.2.5, it was shown that sin (5 + VI< 


On. and cos (V75+ 7/7) <0, therefore cot (V5 + 
Y7)>0. p 
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Example 1.2.8. Find tan ¢ and cot ¢ if t= = us : 
— tin Ain 
6° 6 


<q As in Item 3 of Sec. 1.1, we locate the points P3y/,. 
Prams, (Fig. 10a), Ponies Prins (Fig. 106) on the trig- 
onometric circle and compute their coordinates: 


Pri 2 V 22) 2)2),.. Pei tV 2/2.-V 22% 
P_inje(— V 3/2, — 1/2), Prune (V/ 3/2, — 1/2), 
therefore tan (37/4) = cot (30/4) = —1, tan (1771/4) = 
cot (17/4) = 1, tan (—17n/6) == 1/V3 = V 3/3, 
cot (—172/6) = V 3, tan (1412/6) = — Y 3/3, cot (41/6) = 

—V3. > 


{.3. Basic Properties of Trigonometric Functions 


{. Periodicity. Afunction f with domain of definition 
X = D (f) is said to be periodic if there is a nonzero num- 
ber 7 such that for any r€ X 


rt Tex and «t—TEX, 
and the following equality is true: 
fi@—T)=f@=f(@@+ 7). 


The number 7 is then called the period of the function 
f (x). A periodic function has infinitely many periods 
since, along with 7, any number of the form n7, where n 
is an integer, is also a period of this function. The smal- 
lest positive period of the function (if such period exists) 
is called the fundamental period. 

Theorem 1.1. The functions f (x) = sin x and f (x) = 
cos x are periodic with fundamental period 2n. 

Theorem 1.2. The functions f (xz) = tan a and f (x) = 
cot x are periodic with fundamental period x. 

It is natural to carry out the proof of Theorems 1.1 
and 1.2 using the graphical representation of sine, cosine. 
tangent, and cotangent with the aid of the trigonometric 
circle. To the real numbers z, «+ 2n, and x — 2n, 
there corresponds one and the same point P, on the 


24 1. Properties of Trigonometric Functions 


trigonometric circle, consequently, these numbers have 
the same sine and cosine. At the same time, no positive 
number less than 2m can be the period of the functions 
sin x and cos x. Indeed, if 7 is the period of cos z, then 
cos 7 = cos (0 + T) = cos0 = 1. Hence, to the num- 
ber 7, there corresponds the point P, with coordinates 
(1, 0), therefore the number 7 has the form T = 2nn 
(n € Z); and since it is positive, we have 7 > 2x. Similar- 
ly, if T is the period of thefunction sin z, then sin (5 + 


T} = sin = = 1, and to the number > + FL there 


corresponds the point Pu. with coordinates (0, 4). 
io 


Hence, = + T = + 2nn (n € Z) or T = 2nn, that is, 


T>2n. > 

To prove Theorem 1.2, let us note that the points P, 
and P,,, are symmetric with respect to the origin for 
any ¢ (the number a specifies a half-revolution of the 
trigonometric circle), therefore the coordinates of the 
points P, and P,,, are equal in absolute value 


and have unlike signs, that is, sint = —sin (f + mn), 
cos t = —cos (f -+ nm). Consequently, tan?f = an = 
—sin (t+) _ — cost — -—cos(t+) 
—cos(t+a) tan (i + =), cot t= sint —sin (t+) — 


cot ({ + 2). Therefore a is the period of the functions 
tan ¢ and cot ¢. To make sure that x is the fundamental 
period, note that tan 0 = O, and the least positive value 
of ¢ for which tan ¢ = 0 is equal to xn. The same rea- 
soning is applicable to the function cot ¢t. > 

Example 1.3.1. Find the fundamental period of the 
function f (t) = cos‘ t -++- sin ft. 
<q The function f is periodic since 


f (§ + 2n) = cost (¢ + 2n) + sin (t + 2m) 

= cost + sin ft. 
No positive number 7, smaller than 2, is the period 
of the function f(d since f ( —+) Se ( —++ T | = 


(+) . Indeed, the numbers sin (—=+) and sin > 
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are distinct from zero and have unlike signs, the 


T . T a 
numbers cos aye and COS => coincide, therefore 


cos ( —+) -- sin (—=) == cos 5+ sin >. i 

Example 1.3.2. Find the fundamental period of the 
function f (V dz) if it is known that 7 is the fundamental 
period of the function f (z). 
q First of all, let us note that the points x—?, z, 
x-+-t belong to the domain of definition of the func- 
tion g(z)=f(Y5zx) if and only if the points x V5— 
tV5, cV5, eVW5+tY5 belong to the domain of def- 
inition of the function f (x). The definition of the func- 
tion g(x) implies that the equalities g (x — 2) 
g (x) = g (x + \) and =f(aV~5—tV5) =f Gy3) = 

f(aV 5 + tV 5) are oe Therefore, since 7' is the 
is eae period of the function f (2), the number 
T//5 is a period of the function g (x); it is the funda- 
mental period of g (x), since otherwise the function g (z) 
would have a period t << TIY 5, and, hence, the function 
{ (z) would have a period ty 5, strictly less than T. > 

Note that a more general stalement is valid: if a func- 
tion f (x) has the fundamental period 7, then the func- 
tion g (x) =f (az 4- 6) (4 ~ 0) has the fundamental 
period 7/| a |. 

Example 1.3.3. Prove that the function f (x) = 
sin Vizl is not periodic. 
<q Suppose that 7 is the period of the function f (z). 
We take a positive z satisfying the equality sin VY x-= 1 
Then sinfv4-7sin fad, hence Yat T—Ya~ 
2nun (nEZ). But Vr+PsYVau, therefore the following 
inequality holds true: 
Vae+TS2n4YV x. 

Both sides of this inequality contain positive numbers, 
consequently, when squared, this inequality will be re- 
placed by an equivalent one: x -|- T>> 4n? -|- 4nV xz-+ 
XL OF 


Tro 4n?+4n VY x. 
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The obtained inequality leads to a contradiction since 


the number Y z can be chosen arbitrarily large and, in 
particular, so that the inequality is not valid for the 
given fixed number 7. p> 

2. Evenness and Oddness. Recall that a function f is 
said to be even if for any x from its domain of definition 
—x also belongs to this domain, and the equality 
f (—zxz) = f (z) is valid. A function f is said to be odd if, 
under the same conditions, 
the equality f(—z) = 
—f (xr) holds true. 

A couple of examples of 
even functions: f (x) = 2°, 
f@=a2'+ Y 522 4+ 2. 

A couple of examples of 
odd functions: f(z) =—Y z3, 
f (xz) = 225 + nz’. 

Note that many functions 
are neither even nor odd. 
For instance, the function 
f(@) =22+ 27 +1 is not 

Fig. 11 even since {(—2) = 

(—a)) + (—a + 1 = 

—a> + x7 +1 Af (x) fora ~O0. Similarly, the function 
f (xz) is not odd since f (—zx) 4 —f (2). 

Theorem 1.3. The functions sin x, tan xz, cot x are odd, 
and the function cos x is even. 

Proof. Consider the arcs AP, and AP_, of the trigono- 
metric circle having the same length |¢ | but opposite 
directions (Fig. 11). These arcs are symmetric with 
respect to the axis of abscissas, therefore their end points 


P, (cost, sint), P_; (cos (—t), sin (—2)) 


have equal abscissas but opposite ordinates, that is, 
cos (—t) = cost, sin (—t) = —sint. Consequently, 
the function sin ¢t is odd, and the function cos t is even. 

Further, by the definition of the tangent and cotangent, 


fan) So —sint 


cos({—t) cost eae 
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if cos t 4&0 (here also cos (—t) = cost #0), and 


cos (—?) cos t 
COUN i) ey = ane —cott 

if sin t=40 (here also sin (—t) = —sint +0). Thus, 
the functions tan ¢ and cot ¢ are odd. p> 

Example 1.3.4. Prove that the function f (t) = 
sin? 2t cos 4t + tan 5¢ is odd. 
<q Note that f (—t) = (sin (—2t?))® cos (—2t) + 
tan (—ot) = (—sin 2t)® cos 2t — tan 5¢ = —f (t) for 
any t from the domain of 
definition of the function 
(that is, such _ that 
cos of ~ 0). p> 

3. Monotonicity. Recall 
that a function /f defined 
in an interval X is said to 
be increasing in this inter- 
val if for any numbers 2, 
x, € X such that fz, << x, 
the inequality f (z,)<f (x,) 
holds true; and if a weak 
inequality is valid, that is, 
f (z,)< f (x), then the func- Fig. 12 
tion f is said to be nonde- 
creasing on the interval X. The notion of a decreasing 
function and a nonincreasing function is introduced in 
a similar way. The properties of increasing or decreasing 
of a function are also called monotonicity of the function. 
The interval over which the function increases or decreases 
is called the interval of monotonicity of the function. 

Let us test the functions sin ¢ and cos ¢ for monotonici- 
ty. As the point P, moves along the trigonometric circle 
anticlockwise (that is, in the positive direction) from the 
point A = P, to the point B (0, 1), it keeps rising and 
displacing to the left (Fig. 12), that is, with an increase 
in ¢ the ordinate of the point increases, while the abscissa 
decreases. But the ordinate of P, is equal to sin?é, its 
abscissa being equal to cost. Therefore, on the closed 
interval [0, 2/2], that is, in the first quadrant, the func- 
tion sint increases from O to 1, and cos ¢ decreases 
from 1 to 0. 
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Fig. 15 


Similarly, we can investigate the behaviour of these 
functions as the point P,; moves in the second, third, and 
fourth quadrants. Hence, we may formulate the following 
theorem. 

Theorem 1.4. On the interval (0, 1/2] the function 
sin t increases from 0 to 1, while cos t decreases from 1 to 0. 
On the interval |n/2,. 1] the function sin t decreases from 1 
to 0, while cos t decreases from 0 to —1. On the interval 
[n, 37/2] the function sin t decreases from 0 to —1, while 
cos t increases from —1 to 0. On the interval [3n/2, 21] 
the function sin t increases from —1 to 0, while cos t 
increases from O to 1. 
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The proof of the theorem is graphically illustrated in 
Figs. 12-15, where points P,,, P;,, P,, are such that 
t<t.<ts. > 

Theorem 1.5. The function tan t increases on the interval 
(—n/2, 1/2), and the function cot t decreases on the inter- 
val (O, 2). 

Proof. Consider the function tan t. We have to show 
that for any numbers ¢,, ¢, such that —n/2 <t, <<it,< 
n/2, the inequality tan ¢t, < tant, holds. 

Consider three cases: 

(14)0< t, <t, < 1/2. Then, by virtue of Theorem 1.4, 


O< sint,<sint,, cost, > cost, >0, 


whence 
sin ty sin to 
COs ty COS ty ° 
Consequently, tant, < tan f.. 
(2) —n/2<t, <0 <i, << n/2. In this case, 


tant, <0, and tant, > 0, therefore tan ¢t, < tan fp. 

(3) —n/2<t, <t,<0. By virtue of Theorem 1.4, 

sint,<sint,<0, O<cost, < cos fy, 
therefore 
sin? gin ty 
COS ty COS ty ’ 

that is, tan ft, < tan Z,. 

The proof for the function cot t is carried out in a sim- 
ilar way. > 

Note that the monotonicity properties of the basic 
trigonometric functions on other intervals can be obtained 
from the periodicity of these functions. For example, 
on the closed interval [—x/2, 0] the functions sin ¢ and 
cos ¢ increase, on the open interval (2/2, 3x”/2) the func- 
tion tan ¢ increases, and on the open interval (x, 27) 
the function cot ¢ decreases. 

Example 1.3.5. Prove that the functions sin (cos ¢) 
and cos (sin t) decrease on the interval [0, 2/2]. 
If t,,¢, € [0, 1/2], where t, < t,, then, by Theorem 1.4, 
sint;<sint,, and cost,<cost,. Note that the 
points on the trigonometric circle, corresponding to the 
real numbers sin ¢,, sin t,, cos t,, cos t,, are in the first 
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quadrant since these numbers lie on the closed interval 
[0,4], and 1 < 1/2. Therefore, we may once again apply 
Theorem 1.4 which implies that for any ¢,, t, €[0, 1/2] 
such that t; << t,, the following inequalities are valid: 


sin (cos t,) > sin (cost,), cos (sin t,) > cos (sin ¢), 


that is, sin (cos t) and cos (sin t) are decreasing functions 
on the interval [0, 2/2]. p> 

4. Relation Between Trigonometric Functions of One 
and the Same Argument. If for a fixed value of the argu- 
ment the value of a trigonometric function is known, 
then, under certain conditions, we can find the values of 
other trigonometric functions. Here, the most important 
relationship is the principal trigonometric identity (see 
Sec. 1.2, Item 1): 


sin*t + cos? ¢ = 1. (1.9) 
Dividing this identity by cos?t termwise (provided 
cost (0), we get 


{+ tan?t= a (1.10) 


where te t+nk, k€Z. Using this identity, it is 


possible to compute tan ¢ if the value of cos ¢ and the sign 
of tan ¢ are known, and, vice versa, to compute cost 
given the value of tan ¢ and the sign of cos ¢. In turn, 
the signs of the numbers tan ¢ and cos ¢ are completely 
determined by the quadrant in which the point P,, 
corresponding to the real number 7, lies. 


Example 1.3.6. Compute cost if it is known that 
tan t= and t€(x, s), 


12 2 
<q From formula (1.10) we find: 
~ 4+tan?i 25 «©6169 * 
I+ Te 
Consequently, |cosé |= 12/13, and therefore either 
cost = 12/13 or cost = —12/13. By hypothesis, 


t € (n, 3n/2), that is, the point P, lies in the third quad- 
rant. In the third quadrant, cos t is negative; consequent- 
ly, cost = —12/13. p 
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Dividing both sides of equality (1.9) by sin®¢ (for 
sin 0) termwise, we get 


4 
sinzt ’ 


1+ cot? t= (1.11) 


where t 4 ak, k € Z. Using this identity, we can com- 
pute cot ¢ if the value of sin ¢ and the sign of cot ¢ are 
known and compute sin ¢ knowing the value of cot ¢ and 
the sign of sin ¢. 

Equalities (41.9)-(1.11) relate different trigonometric 
functions of one and the same argument. 


1.4. Solving the Simplest Trigonometric Equations, 
Inverse Trigonometric Functions 


1. Solving Equations of the Form sin ¢ = m. Are. Sine. 
To solve the equation of the form sin t = m, it is neces- 
sary to find all real numbers t such that the ordinate 
of the corresponding point 
P,is equal to m. To this 
end, we draw a straight line 
y = mand find the points 
of its intersection with the 
trigonometric circle. There 
are two such points if 
|m|<1 (points E and F 
in Fig. 16), one point if 
|m |= 41, and no points 
of intersection for |m | >>1. 
Let |m|<1. One of the 
points of intersection lies 
necessarily in the right- Fig. 16 
hand half-plane, where 
x>> 0. This point can be written in the form EF = P,,, 
where t, is some number from the closed interval [—7/2, 
m/2]. Indeed, when the real axis is being wound on the 
trigonometric circle, the numbers from the interval 
[—n/2, x/2] go into the points of the first and fourth 
quadrants on the trigonometric circle, the points B and D 
included. Note that the ordinate sint, of the point 
E = P, is equal to m: sin ty = m. 
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Definition. The arc sine of a number m is a number fp, 
—n/2<ty<n/2, such that sin ty = m. The following 
notation is used: ¢) = arcsin m (or sin“! m). 

Obviously, the expression arcsin m has sense only for 
|m|<1. By definition, we have: 


sin (arcsinm) =m, —~n/2< arcsinm< n/2. 
The following equality holds true: 
arcsin (—m) = —arcsin m. 


Note that the left-hand point F of intersection of the 
line y=mwith the trigonometric circle can be written in 
the form / == P,_,,, therefore all the solutions of the equa- 
tion sin t= m,|m|<xt, 
are given by the formulas 


t = arcsin m-+- 2nk, k € Z, 


i = m — arcsin m +} 2h, 


which are usually united 
into one formula: 


t = (—1)” arcsin m + mn, 
n€Z. 


Example 1.4.1. Solve the 
equation sin & = —1/2. 
q Consider the points of intersection of the line y — —1/2 
and the trigonometric circle S. Let X and Y be the feet of 
the perpendiculars dropped from the right-hand point E 
of intersection on the coordinate axes (Fig. 17). In the 
right triangle XOF, we have: | EX | = 1/2, |OF | = 1, 
that is, ~XOK = 30°. Consequently, 7 AOE is measured 
by an are of —n/6 radian, and / = P_, /,. Therefore 


arcsin (—1/2) = —m/6, and the general solution of the 
equation sin ¢ = —1/2 has the form ¢ = (—1)" = +- 
tun, n€ Z. 


> 
Example 1.4.2. What is the value of arcsin (sin 10)? 
qin Example 1.1.7 it was shown that the point P,, lies 
in the third quadrant. Let ¢ = arcsin (sin10), then 
sint = sin10 < Oand —n/2< t< n/2. Consequently, the 
point P, lies in the fourth quadrant and has the same or- 
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dinate as the point P,9; therefore P; = Py 4, (Fig. 18), 
and the equality ¢ = x — 10 + 2k holds for some inte- 
ger k. For the condition —n/2 << t <0 to be fulfilled, 


Fig. 18 Fig. 19 


it is necessary to set & = 2. Indeed, 
— n/2< 38n —10<0 


(these inequalities follow from the estimate 3.1<a1< 
0.2). Thus, 


t = dn — 10 = arcsin (sin 10). p» 


2. Solving the Equation cost = m. Are Cosine. To 
solve the equation cos t = m, it is necessary to find all 
real numbers ¢ such that the abscissa of the point P, 
is equal to m. For this purpose, we draw a straight line 
x =m and find the points of its intersection with the 
trigonometric circle. A point of intersection exists if 
|m |<. 1. One of the points of intersection (the point £ 
in Fig. 19) necessarily lies in the upper half-plane, where 
y>2 0, and this point can be written in the form 


E=P,, where O<Ct)<u. 


Definition. The arc cosine of a number m is a number fo, 
lying on the closed interval [0, 1], such that its cosine is 
equal to m. The arc cosine of the number m is denoted by 
arccos m(or cos-!m). 


3~01644 
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Obviously, the expression arccos m has sense only for 
{m|<1. By definition, 
cos (arccos m) =m, OX arccosm< nan. 
Note that the lower point of intersection coincides with 
the point F = P_,. Therefore the general solution of the 
. equation cos t=m, me€E 
Y [—1, 1] has the form 
t—-+ arccosm-—+ 2mk, k €Z. 


Note also that the fol- 
lowing equality holds: 


AaP, 


arccos (—m) 
= I — arccos m. 


Example 1.4.3. Find the 
value of arccos (cos 3). 
<q Let t = arccos (cos)5), 
then O<ct< a, and 
cost =cosd. The point P, 
lies in the fourth quadrant 
(Fig. 20) since the inequal- 
ities 3n/2 << 5 < 2a hold, therefore the point P,, lying 
in the upper half-plane, must coincide with the point 
P_, which is symmetric to P; with respect to the axis 
of abscissas, that is, t= —5-+ 2nk. The condition 
Ox<t<a will be fulfilled if we take & = 1, therefore 
arccos (cos 9) = 2n — 5. p> 

Example 1.4.4. Prove that if O<a«<i,_ then 

arcsin x = arccos 1 — 2°. 
q Let ¢ =arcsinz. Then O<t<n/2 since sint = 
xy>> 0. Now, from the relationship cos*¢ + sin? t = 1 
we get: |cost|== Y1—2?. But, bearing in mind 
that ¢€ 10, m/2], we have: cost = Vi — 2, whence 
i= arccos Y 1 — x”. 

3. Solving the Equation tan? =m. Are Tangent. 
To solve the equation tan ¢ = m, it is necessary to find 
all real numbers t, such that the line passing through the 
origin and point P,; intersects the line AB’: x = 1 at 
a point Z, with ordinate equal to m (Fig. 21). The equa- 
tion of the straight line passing through the origin and P,; 
is given by the formula y = mz. For an arbitrary real 


Fig. 20 
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number m there are exactly two points of intersection of 
the line y = mx wilh the trigonometric circle. One of 
these points lies in the right-hand half-plane and can be 
represented in the form E = P,,, where ty € (—n/2, 1/2). 

Definition. The arc tangent of a number m is a num- 
ber ¢), lying on the open interval (—mx/2, 2/2), such 
that tant, =m. It is de 
noted by arctanm (or 
tan-! m). 

The general solution of 
the equation tant =m 
(see Fig. 24) is: 


t = arctan m+ wk, k €Z. 


For all real values of m the 
following equalities hold: 


tan (arctanm) = m, 


arctan (— m) = —arctan m. 


Are cotangent is intro- 
duced in a similar way: for 
any m€R_ the number 
t = arccot m is uniquely 
defined by two conditions: Fig. 24 
O<ct<an, cot t =m. 

The general solution of the equation cot t =m is 


t= arccotm+ank, kEZ. 


The following identities occur: 


cot (arccot m) =m, _—_arccot (—m) = n — arccot m. 


Example 1.4.5. Prove that arctan (—2/5) = 
arccot (—9/2) — x. | 
qLlet ¢ = arccot(—5/2), then O<t<in, cott= 
—5/2, and tan t = —2/5. The point P,; lies in the 
second quadrant, consequently, the point P,_, lies in 
the fourth quadrant, tan(t — a) = tant = —2/5, 
and the condition —n/2<t—a<_n/2 is satisfied. 
Consequently, the number ¢t — a satisfies both condi- 
tions defining arc tangent, 1.e. 


t — nm = arctan (—2/5) = arccot (—5/2) — 1. p> 
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Example 1.4.6. Prove the identity 
sin (arctan 2) = 2/1 + 2”. 

q Let t = arctan x. Then tant =z, and —n/2<t< 
n/2. Let us prove that sint = 2/V1-+ 2. For this 
purpose let us note that cos t > 0 since —n/2 << t < n/2. 
By virtue of (1.10), 1/cos? t = 1 -+- tan? t = 1 -+ 2? or 
cost = 1/V 1 4 2°, whence sint = tantcost = 
rVi-+ 27. > 

It is clear from the above examples that when solving 
problems, it is convenient to use more formal definition of 
inverse trigonometric functions, for instance: t = arccos m 
if (1) cos t =m, and (2) O< t<n. To solve problems 
on computation involving inverse trigonometric func- 
tions, it suffices to remember the above definitions and 
basic trigonometric formulas. 


PROBLEMS 


1.1. Locate the points by indicating the quadrants: 

(a) Pu, (b) Pio-8 3 (c) Porte 3 

1.2. Given a regular pentagon inscribed in the trigono- 
metric circle with vertices A, = Pann, k = 9,1, 2, 3, 4. 
Find on which of the arcs joining two neighbouring ver- 
tices the following points lie: (a) Py), (b) P_4, (©) Pre. 

1.3. Given a regular heptagon inscribed in the trigono- 
metric circle with vertices By = Py+ennsz, k = 9,1, 2, 3, 
4, 5, 6. Find on which of the arcs joining the neighbouring 
vertices the point Pig lies. 

1.4. Prove that there is a regular N-gon inscribed in 
the trigonometric circle such that its vertices include the 
points Py stant Pyspanjis: Find the least possible 
number JN. 

1.5. Prove that any two points of the form P,., Pry, 
where xz, y are rational numbers, are vertices of a regular 
N-gon inscribed in the trigonometric circle. 

1.6. Find a necessary and sufficient condition for the 
points P, and Pz to be vertices of one and the same regu- 
lar N-gon inscribed in the trigonometric circle. 

1.7. Compare the following pairs of numbers: 


: 2m 
(a) sin 1 and sin (1+4") 
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(b) cos ( 1 4-2) and cos (4 4-2) 
1.8. Determine the sigu of the indicated number: 
. 67 
(a) cos ( 7 ; 
uv 


(b) cos (14-2) cos ( 1 +.) cos (1 +) x 
, cos (t+). 


{.9. Can the on of an angle be equal to: 


(a) log at+——— ow (a>0, a1), 
Y3-1 \-1 
(b) (ae V5—V3 : 


1.10. Determine the sign of the product sin2-sin 3-sin 5. 
1.41. Evaluate: 

(a) sin "| (b) cos 2%, (c) sin (—1470/4), 

(d) cos (— 205z/6). 

1.12. Determine the sign of the number tan (1. 
1.13. Evaluate: 

(a) tan , (b) cot —— : 


1.14. Prove that for an arbitrary real number a € R and 
an integer NV > 1 the following equalities are valid: 


N-4 as N-4 sa 
> sin (a + N ) =0, >; cos (a +47) =0 
h=0 k=0 


1.15. Prove that the function f (t) = tan +-co eee 


is periodic and find its fundamental period. 

1.16. Is the function f (t) = sin (2x + cos (V2 z)) 
periodic? 

1.17. Prove that the function f (7) = cos (x?) is not 
. periodic. 

1.18. Prove that the function tan (2x) + cot (V 3z) is 
not periodic. 
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1.19. Prove that the function f (¢) = sin 3t -\- cos 5t 
is periodic and find its fundamental period. 


1.20. Prove that the function f(x) =cos(VY |z]?) is 
not periodic. 

1.21. Find the fundamental period of the function: 

(a) y= cos nz + sin : 


. YH x 
(b) y= sin t+ COS -> -+ tan. 


1.22. Find the fundamental period of the function y = 
15 sin? 122 + 12 sin? 152. 

1.23. Prove that the function of the form f (x) = 
cos (ax -+ sin (bx)), where a and b are real nonzero num- 
bers, is periodic if and only if the number a/b is rational. 

1.24. Prove that the function of the form f (rz) = 
cos (ax) + tan (bx), where a and 0 are real nonzero num- 
bers, is periodic if and only if the ratio a/b is a rational 
number. 

1.25. Prove that the function y = tan dx +- cot 3x -+ 
4 sin x cos 2z is odd. 


1.26. Prove that the function y=cos 4x-+sin? = x 


tan «+62? is even. 


1.27. Represent the function y = sin (x + 1) sin® (22— 
3) as a sum of an even and an odd function. 


1.28. Represent the function y = cos (x ++] + 


sin ( 22 — <5} as a sum of an even and an odd function. 
1.29. Find all the values of the parameters a and 0b for 
which (a) the function f () = asint + bcost is even, 
(b) the function f (t) = acost +- bsin tis odd. 
In Problems 1.30 to 1.32, without carrying out com- 
putations, determine the sign of the given difference. 


1.30. (a) sin —sin “* , (h) cos 3.13—sin 3.13. 
1.31. (a) sin 1 — sin 1.1, (b) sin 2 — sin 2.1, 

(c) sin 131° — sin 130°, (d) sin 200° — sin 201°. 
1.32. (a) cos 71° — cos 72°, (b) cos 1 — cos 0.9, 

(c) cos 100° — cos 99°, (d) cos 3.4 — cos 3.5. 
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{.33. Is the function cos (sin ¢) increasing or decreasing 


on the closed interval [—x/2, O]? 


1.34. Is the function sin (cos ¢) increasing or decreasing 


on the closed interval [n, 32/2]? 


1.35. Prove that the function tan (cos ¢) is decreasing 


on the closed interval [0, 2/2]. 


1.36. Is the function cos (sin (cos t)) increasing or de- 


creasing on the closed interval [n/2, xm]? 


In Problems 1.37 to 1.40, given the value of one func- 


tion, find the values of other trigonometric functions. 


1=— 


4.37. (a) sin t = 4/5, n/2<t<nqa, 
(b) sin ¢ = —5/13, n ct < 3n/2, 
(c) sint = —0.6, —n/2<t< 0. 
1.38. (a) cost = 7/25, O<t< n/2, 
(b) cos ¢t = —24/25, n<cot < 3/2, 
(c) cos t = 15/17, 38n/2<ct < Qn. 
1.39. (a) tan t = 3/4, O<t<a/2, 
(b) tan ¢ = —3/4, an/2<t<n. 
1.40. (a) cot t = 12/5, n<ct < 3n/2, 
(b) cot t = —d/12, 3n/2<ct < 2n. 
1.41. Solve the given equation: 
(a) 2cos?t — Scost + 2=0, (b) 6 cos? t + cost — 
0. 


1.42. Find the roots of the equation cos t = — 1/2 be- 


longing to the closed interval [—2x, 6m]. 


1.43. Solve the equations: _ 
(a) tan t = 0, (b) tan t = 1, (c) tan 2¢ = V3, 


(d) tan2t=—YV3, (e) tan(t—+)—1=0, 
(f) V3 tan (i+4) = 


1.44. Compute: 
(a) arcsin Q-+arccos 0-+-arctan 0, 


(b) aresin + arecos > + arctan 1% ue ‘ 

(c) arcsin _ + arccos ( V3) stn ( — =) : 
In Problems 1.45 to 1.47, prove the identities. 
1.45. (a) tan | arctan x | = | 2 |, (b) cos (arctan x) = 


1/yi + a. 
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1.46. (a) cot | arccot z | = xz. 
(b) tan (arccot z) = 1/z if z 0, 


(c) sin (arccot x) = 1/Y 1+ 22, 
(d) cos (arccot 2) =2/V 1+ 22. 


1.47. (a) arcsin z == arctan ———— and arccos z= 
V1—2x 
x 
arccot —-——._ for 0x z1< 1, 
V t—2z3 =o 
— 72 
(b) arcsin x = arceot W1=# for O<. rc, 
(c) arctan = =arccot x 
= arcsin : == aYCCOS ——— 
7 Vi-at Vi-at ' 
arccot + = arctan x 
— aresin —-~— = arecos ———— 
Vi+2 Vite 
for xz > 0. 
1.48. Express: (a) arcsin = » (b) arccos 7 (c) arctan =, 
(d) arctan + in terms of values of each of the three 


other inverse trigonometric functions. 
e 1 . q 
1.49. eae (a) arccos ( —=} , (b) arctan ( —sr), 
(c) arecot ( — 3, } in terms of values of each of the 


three other inverse trigonometric functions. 
1.50. Find sing if tanaw = 2andn <a < 3n/2. 


Chapter 2 


Identical Transformations 
of Trigonometric [Expressions 


2.1. Addition Formulas 


There are many trigonometric formulas. Most cause 
difficulties to school-pupils and those entering college. 
Note that the two of them, most important formulas, 
are derived geometrically. These are the fundamental 
trigonometric identity sin? ¢ -++ cos? t= 1 and the for- 
mula for the cosine of the sum (difference) of two numbers 
which is considered in this section. Note that the basic 
properties of trigonometric functions from Sec. 1.3 
(periodicity, evenness and oddness, monotonicity) are 
also obtained from geometric considerations. Any of 
the remaining trigonometric formulas can be easily ob- 
tained if the student well knows the relevant definitions 
and the properties of the fundamental trigonometric 
functions, as well as the two fundamental trigonometric 
formulas. For instance, formulas (1.10) and (4.14) from 
Item 4 of Sec. 1.3 relating cos t and tan ¢, and also sin t 
and cot ¢ are not fundamental; they are derived from the 
fundamental trigonometric identity and the definitions 
of the functions tan ¢ and cot t. The possibility of deriving 
a variety of trigonometric formulas from a few funda- 
mental formulas isa certain convenience, but requires an 
attentive approach to the logic of proofs. At the same 
time, such subdivision of trigonometric formulas into 
fundamental and nonfundamental (derived from the 
fundamental ones) is conventional. The student should 
also remember that among the derived formulas there are 
certain formulas which are used most frequently, e.g. 
double-argument and half-argument formulas, and also the 
formulas for transforming a product into a sum. To solve 
problems successfully, these formulas should be kept in 
mind so that they can be put to use straight away. A good 
technique to memorize such formulas consists in follow- 
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ing attentively the way they are derived and solving 
a certain number of problems pertaining to identical trans- 
formations of trigonometric expressions. 

{. The Cosine of the Sum and Difference of Two Real 
Numbers. One should not think that there are several 
basic addition formulas. We are going to derive the for- 
mula for the cosine of the sum of two real numbers and 


~¢ 


Fig. 22 


then show that other addition formulas are derived from 
it provided that the properties of evenness and oddness of 
the basic trigonometric functions are taken into consid- 
eration. . 

To prove this formula, we shall need the following note. 
Under the trigonometric mapping 


P: R-S 


of the real axis R onto the trigonometric circle S (see 
Item 3, Sec. 1.1), line segments of equal length go into 
arcs of equal size. More precisely, this means the follow- 
ing. Let on the number line be taken four points: t,, t,, 
ts, 1, such that the distance from ft, to t, is equal to the 
distance from t, to ty, that is, such that |t, —t |= 
[ts — t, |, and let P,, P,,, Py, P, be points on the 
coordinate circle corresponding to those points. Then the 
arcs P;,P,, and P,,P,, are congruent (Fig. 22). Hence it 
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follows that the chords P;,P;, and P;,P,, are also con- 
gruent: | P,P, | = | PrP |- 

Theorem 2.1. for any real numbers t and s the following 
identity is valid: 


cos (f + s) = costcoss — sint sin s. (2.4) 


Proof. Consider the point P, of intersection of the unit 
circle and the positive direction of the z-axis, Py = (1, 0). 
Then the corresponding points P;, P;4,, and P_, are im- 
ages of the point P, when 
the plane is rotated about 
the origin through angles 
of t,t+s, and —s radians 
(Fig. 23). 

By the definition of the 
sine and cosine, the coordi- 
nates of the points P;, P:45, 
and P_, will be: 


P, = (cost, sin 2), 
P ii, = (cos (f+ 8), 


sin (£-+s)), 
P_, = (cos (—s), sin (—s)) 


= (cos s, —Sin 58). 


Fig. 23 


Here we have also used the basic properties of the evenness 
of cosine and oddness of sine. We noted before the proof 
of the theorem that the lengths of the line segments 
P oPi+; and P_,P; are equal, hence we can equate the 
squares of their lengths. Thus, we get identity (2.1). 
Knowing the coordinates of the points P, and P;,, we 
can find the square of the length of the line segment 
PoPits: |PoPizs ? = (1—cos (t + s))? + sin? (§ + s) = 
1 — 2 cos (t + s) + cos? (t + s) -+ sin? (t +s) or, by 
virtue of the fundamental trigonometric identity, 


\ PoP pag = 2 =] 200s (P= 5). 
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On the other hand, 
| P_.P; |? = (cos s — cos t)? 4+- (—sin s — sin t)* 
= cos’s — 2 cosscost -+ cos? t 
+ sin?s + 2 sin s-sin t + sin*t 
= 2— 2ecostcoss + 2 siné sins. 
Here we have used the fundamental trigonometric identi- 


ty (4.9) once again. Consequently, from the equality 
PoPi+s 2 = | P.gPs f° we get 


2—2cos (¢ + s) = 2— 2costcoss + 2sinétsins, 


whence (2.1) follows. p»> 
Corollary 1. For any real numbers t and s we have 


cos (t — s) = cos ftcoss -- sint sins. (2.2) 


Proof. Let us represent the number ¢ — s as (¢ + (—s)) 
and apply Theorem 2.1: 


cos (¢ — s) = cos (¢ + (—s)) 
== cos t cos (—s) — sin é sin (—s). 


Taking advantage of the properties of the evenness of co- 
sine and oddness of sine, we get: 


cos ({ — s) = costcoss-}+ sinfsins. >» 


In connection with the proof of identities (2.1) and (2.2), 
we should like to note that it is necessary to make sure 
that in deriving acertain identity we do not rely on anoth- 
er identity which, in turn, is obtained from the identity 
under consideration. For instance, the property of the 
evenness of cosine is sometimes proved as follows: 


cos (—t) = cos (0 — t)=cos 0 cost +- sinU sint = cost, 


that is, relying on the addition formula (2.2). When deriv- 
ing formula (2.2), we use the property of the evenness 
of the function cos ¢. Therefore the mentioned proof of 
the evenness of cos ¢ may be recognized as correct 
only provided that the student can® justify the addition 
formula cos (t — s) without using this property of cosine. 


Example 2.1.1. Compute cos 5 = cos 10°. 
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IT Jt are , , ‘ . 
Woy Ty: we get from formula (2.2) for 


cos —= = cos (+--+ = cos — cos — -|-sin = sin > 
(2 3 T ) = 008 a end sare 
4 V2 4: V3 V2 Vb+V% 
ae) sale a 4 
2. Reduction Formulas. 
Corollary 2. For any real number t we have 
- = si 2.3 
cos (+—1) == sin t, (2.3) 
cos (++ t) =: —sinf, (2.4) 
cos (n— t) = — cost, (2.5) 
cos (1 -+ t) = —cost. (2.6) 


Proof. Let us use formula (2.2): 


A 6 ° h) 
5 cost-- sin — sint 


=Q-.cost--1-sint=sint, 
cos (xn — t) = cosa cost + sina sint 
= (—1)-cos ¢ — 0-sin t = —cos t, 
which yields identities (2.3) and (2.5). We now use (2.1): 


cos (+—) = cos 
os (5 — 


It Jt . A es 
cos (+1) = COS = cos ¢— sin > Sint 


=0-cost—1-sint= —sint, 
cos (1 4- t) = cos n cos t—- sin 1 sin ¢ 
= (—1)-cos t—0-sin t= —cos t. 


These equalities prove identities (2.4) and (2.6). p> 
Corollary 3. For any real number t we have 


sin (+-:) = cost, (2.7) 
sin (++ i} = cos ft, (2.8) 
sin (m — t) == sin ft, (2.9) 


sin (w-} ¢) == —sint. (2.10) 
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Proof. Let us use identity (2.3): 
, Ad a 6 aes JU 
COS f == COs (+ (-—«} == SIM ( 5 +t] , 
which yields identity (2.7). From identity (2.3) and the 
property of evenness of cosine there follows: 
cos t= cos (— ft) = cos (>- (+ ae t] = sin (+4 t} : 


which proves identity (2.8). 
Further, by virtue of (2.8) and (2.3), we have: 


sin (1 — ft) = sin (+ (+---t} = cos (+—t) =sint, 


and from identities (2.8) and (2.4) we get: 
. ° JU v 
sin (x -+ t) = sin (++ (++¢)) 
= cos (+++) = —sint. p> 


Remark. Using formulas (2.3)-(2.10), we can easily 


obtain reduction formulas for cos (= + t] , cos (2m — 2), 


sin (> + t), sin (2n—t). The reader is invited to do 
this as an exercise. 


Example 2.1.2. Derive the reduction formula for 
cos (= —t) 
5 
q Using formulas (2.6) and (2.3), we have 
cos (= —1) = cos ( 1 +- ($-*)) = — cos (+—7} 


——sint. >> 


Corollary 4. The reduction formulas for tangent and 
cotangent are 


tan (+—t) =cott, tan (+ +t) ~ —cott, tak, 
A oe yo 
cot (+ —#t) = tan lt, cot (5+ ] a tan f, 
. te + ah, 
tan (m7 —?t) == —tanf, te + tk, 


cot (n—?t)=--cott, ts¢nk (KE Z). 
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Proof. All these formulas can be obtained from the 
definition of the functions tant and cot? applying the 
appropriale reduction formulas. p> 

Note that the reduction formulas together with the 
periodicity properties of the basic trigonometric functions 
make it possible to reduce the computation of the value of 
a trigonometric function at any point to its computation 
at a point in the closed interval [0, 1/4]. 

To facilitate the memorizing of the reduction formulas, 
the following mnemonic rule is recommended: 


(1) Assuming that 0<t<> , find in which gquad- 
rant the point P mh 4? ke Z, Ted determine the sign 
“9 = 


the given expression has in this quadrant, and put this 
sign before the obtained result. 

(2) When replacing the argument = -t ¢ or 2n —thbyt, 
the name of the function is retained. — 

(3) When replacing the argument Sat or at 
by t, the name of the function should be changed: sine for 
cosine and cosine for sine, tangent for cotangent and 
cotangent for tangent. 

3. Sine of a Sum (a Difference). 

Corollary 5. For any real numbers t and s the following 
identities are valid: 


sin (¢ + s) = sinftcoss + cost sins, (2.11) 
sin ({ — s) = sin ft coss — cost sins. (2.12) 


Proof. Using the reduction formula (2.3), we reduce sine 
to cosine: 


sin ({+- s) =cos (+—(t+s)) = cos ((-2) —s| : 


We now apply the formula for the cosine of a differ- 
ence (2.2): 


sin (f-+ s) = cos (+—1) coss-+sin (—+} sins 


= sintcoss+ costsins 


(in the last equality, we have used the reduction formu- 
las (2.3) and (2.7)). To prove formula (2.12), it suffices 
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to represent the difference t — s as t + (—s) and use the 
proved identity (2.11) and the properties of the evenness 
of cosine and oddness of sine: 


sin (¢{ — s) = sin (t + (—s) = sin ft cos (—s) 
-+ cos ¢t sin (—s) = sin tcoss —cositsins. > 


4, Tangent of a Sum (a_ Difference). 
Corollary 6. For any real numbers t and s, except for 


7 mn (k, m, n€ ZB), 


JT Iv 
t=} mh, s= z+ am, t-+s-= > 


the following identity holds: 


tan ¢t-+-tans 
1—tanttans ° 


tan (t+ s) = (2.13) 

Remark. The domains of permissible values of the 
arguments t and s are different for the right-hand and left- 
hand sides of (2.13). Indeed, the left-hand side is defined 


for all the values of ¢ and s except t+ s = >t tn, 


n € Z, while the right-hand side only for the values of t 


and s mentioned in Corollary 6. Thus, for t= and 


= + the left-hand side is defined, while the right-hand 


side is not. 
Proof. Let us apply the definition of tangent and for- 
mulas (2.41) and (2.1): 


sin(t+s) _ sintcoss-+costsins 
cos(t+s)  cosfcoss—sintsins * 


tan (f-}- s) = 


Since cos £ = 0 and cos s #0 (by hypothesis), both the 
numerator and denominator of the fraction can be divided 
by cost coss, then 


sin t : sins 
cos t COS $ tant-+tan s 
lan (i =\<'6) ee 
( ) _ sint sins 4--tanitans ° > 


cost coss 
Corollary 7. For any real t and s, except for t= 
eet, Be i ee meee } 
5 »S= yr, t—s=-—+1n (hk, m, n€Z), the 
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following identity holds: 


tani—tans 
tan ae) cake errr rary ee (2.14) 

Remark. As in (2.13), the domains of permissible values 
of the arguments of the right-hand and left-hand sides 
of the identity are different. 

Proof. It suffices to replace s by —sin (2.13) and make 
use of the oddness property of tangent. p>» 

3 


Example 2.1.3. Find tan (+2) if tant=~-. 


q Use formula (2.13), bearing in mind that tan = 1. 
We have 


TU 
tan 77 +tant 


1 _ _ 41+tant 
tan(+ +1) = qt ~ 4—tant 
4—tan — tant 
4 
+3 
—— 3 — 7, > 
4—-—— 
4 


Example 2.1.4. Evaluate tan (aresin = + arccos =). 


q Let t=arcsin =. , S=arccos a Then, by the def- 
inition of inverse trigonometric functions (Sec. 1.4), 
we. have: 

sint = 3/4, O<t<a/2, 

coss = 5/18, O<s<an/2. 
Let us now find tan ¢ and tans, noting that tant > 0 and 
tan s > 0: 


o,_.  sin®t =Fr= (+) 
N= Tae 46 A) 
4 4 42 
2 row 2s — eres AoE — 
tan s= aS 1=(= )" 4 (= ii 


(we have used formulas (1.9) and (41.10)). Therefore 


3 


~01644 


——; and we may use formula (2.13) for 
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the tangent of a sum: 


3 12 
| — tanti+tans _ 4 3 
WSs) a eantiane 8 ‘Aa 
aye c, 
_ 15448 63. 
= R36 - ees > 


Example 2.1.5. Evaluate 


tan ( arccos ( —— -+ arcsin (—)). 


q We use the properties of inverse trigonometric functions 
(see Items 1 and 2 of Sec. 1.4) 


7 7 
arccos ( —35} = I — arccos > , 
aresin ( z)= —arcsin te” 
—~ 7B 13° 
and set ¢=arccos ae , Ss==arcsin— — to get 


tan (arecos ( — +) +- arcsin ws 
= tan (n—t—s)= —tan(i+s), 
cos t = 7/25, Qe t—<—-1/2, 
sins = 12/13, O<s<n/2. 


Proceeding as in the preceding example we have: tant = 


Z 
= and tan a ; 


5 
24 | A 
eu a eee, 3) _ 24-5412-7 204 
a % 12  24.42-—-5-7 253° > 
pease io 


3. Cotangent of a Sum (a_ Difference). 
Corollary 8. For any real numbers t and s, except t = nk, 
—=nm,t+s=a1n (k, m, n € Z), the following identity 
holds true: 
cot tcot s—1 


cot (t-+- s) Cot t-+-cote ° (2.15) 
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The proof follows from the definition of cotangent and 
formulas (2.1) and (2.11): 


cot (¢-+s) | cosicoss—sinésins 
sin(t-+s) sintcoss-+costsins * 


cot (¢-+ s) = 


Since the product sin ¢ sin s is not equal to zero since t 
nk, ss am, (k, m € Z), both the numerator and denomi- 
nator of the fraction may be divided by sin ¢ sin s. Then 


cos t COS $ 
sint sins cot t cot s—1 
cot (¢ +s) = ——————reme— = —_ 
(f+ ) COB ie COS $ coti+cots ° > 
sin t sin s 


Corollary 9. For any real values of t and s, except t = nk, 
s=mam, and t—s=ann (k, m, n€Z), the following 
identity is valid: 
cot tcot s+1 


Se a cot t—cots 


(2.16) 

The proof follows from identity (2.15) and oddness prop- 
erty of cotangent. » 

6. Formulas of the Sum and Difference of Like Trigo- 
nometric Functions. The formulas to be considered here 
involve the transformation of the sum and difference of 
like trigonometric functions (of different arguments) into 
a product of trigonometric functions. These formulas are 
widely used when solving trigonometric equations to 
transform the left-hand side of an equation, whose right- 
hand side is zero, into a product. This done, the solution 
of such equations is usually reduced to solving elementary 
trigonometric equations considered in Chapter 1. All 
these formulas are corollaries of Theorem 2.1 and are 
frequently used. 

Corollary 10. For any real numbers t and s the following 
identities are valid: 


sint+sins=2sin cos -;- ’ (2.17) 
sint—sins=2sin >= cos a , (2.18) 


The proof is based on the formulas of the sine of a 
sum and a difference. Let us write the number ¢ in the 


Le 
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following form: ¢= ers + —" , and the number s in 
the form s = as -— — , and apply formulas (2.11) 
and (2.12): 
, < vais EARS t—s tts . t—s 9 
sin t= sin —,— cos —5— -+ cos —->— sin -—5— , (2.19) 
, nuts taps t—s tts . t—s 
sin s=sin —,— cos — cos —5— sin ——. (2.20) 


Adding equalities (2.19) and (2.20) termwise, we get iden- 
tity (2.17), and, subtracting (2.20) from (2.19), we get iden- 
tity (2.18). p> 

Corollary 11. For any real numbers t and s the following 
identities hold: 


cos t-+ cos s=- 2 cos as cos ; (2.21) 
cos t{—coss= —2sin ous sin om (2.22) 


The proof is very much akin to that of the preceding 
corollary. First, represent the numbers ¢t and s as 


fess t-+<s ‘ a ‘ t+s t—s 


2 me i 
and then use formulas (2.1) and (2.2): 
= i+s i—s tts . t--s ‘ 
cos t= cos 3 COS —5 sin —,— sin —— , (2.25) 
CoS $= COs ae cos a +sin crs sin = (2.24) 


Adding equalities (2.23) and (2.24) termwise, we get 
identity (2.21). Identity (2.22) is obtained by subtracting 
(2.24) from (2.23) termwise. 


Corollary 12. For any real values of t and s, except 
t= +--+ nk, s= an (k, n€Z), the following iden- 
tities are valid: 

__ sin (t+s) 
tan?+tans= “GOR GOES (2.25) 
sin (t—s) 


tani—tans = : 
costcoss 


(2.26) 
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Proof. Let us use the detinition of tangent: 


tanfé+tans= 


sin t sins 
a rear ca 


COs t cos s 
_ sintcoss-+sinscosé _ sin (t-+s) 
i cos tcoss ~ costcoss 


(we have applied formula (2.11) for the sine of a sum). 
Similarly (using formula (2.12)), we get: 


sin ¢t sin s 
tan {— tans= — 
cos t COS $ 
__ sinftcoss—sinscost sin (é#—s) > 
_ cos f COS s ~ eostcoss * 


7. Formulas for Transforming a Product of Trigono- 
metric Functions into a Sum. These formulas are helpful 
in many cases, especially in finding derivatives and inte- 
grals of functions containing trigonometric expressions and 
in solving trigonometric inequalities and equations. 

Corollary 13. For any real values of t and s the following 
identity is valid: 


sin tcoss = —- (sin (¢+s)+sin(t—s)). (2.27) 
Proof. Again, we use formulas (2.11) and (2.12): 

sin ({ + s) = sinfcoss + cost sins, 

sin ({ — s) = sin f cos s — cost sin s. 


Adding these equalities termwise and dividing both sides 
by 2, we get formula (2.27). > 

Corollary 14. For any real numbers t and s the following 
identities hold true: 


cos tcos s = (cos (¢+s)+cos(t¢—s)), (2.28) 
sin ésin s == = (cos (-—s)—cos(é+s)). (2.29) 


The proof of these identities becomes similar to that of 
the preceding corollary if we apply the formulas for the 
cosine of a difference and a sum: 


cos {coss + sin é sin s = cos (t — s), (2.30) 
cos t cos s — sint sin s = cos (ft + 8). (2.31) 
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Adding (2.30) and (2.31) termwise and dividing both sides 
of the equality by 2, we get identity (2.28). Similarly, 
identity (2.29) is obtained from the half-difference of 
equalities (2.30) and (2.31). p> 

8. Transforming the Expression asin t+ 6 cost by 
Introducing an Auxiliary Angle. 

Theorem 2.2. For any real numbers a and b such that a? + 
b* = 0 there is a real number q such that for any real value 
of t the following identity is valid: 


asint-+bcost=YVa?-+b?sin (¢+-Q). (2.32) 

For qm, we may take any number such that 
cos p= a/Y a? +B, (2.33) 
sin p= b/V a+. (2.34) 
Proof. First, let us show that there is a number @ which 
simultaneously satisfies equalities (2.33) and (2.34). We 


define the number @ depending on the sign of the num- 
ber b in the following way: 


a 
(~ = arccos ————— for b>0, 
V a+b? 
(2.35) 
~= — arecos for b<0. 
a 
The quantity arccos = is defined since Te <<! 


(see Item 2, Sec. 1.4). By definition, we have: 


cos ~ =cos ({@|) = cos ( arccos —-— } en 
VY a?+b? V a?+b2 
From the fundamental trigonometric identity it follows 
that 
ae 9 a b? 
sin? p = 1— cos? @ = 1-2 = ee ’ 


or |sin @} SF at Note that the sign of sin @ co- 
incides with the sign of @ since | p |< a. The signs of 
the numbers @ and 0 also coincide, therefore 


b 


Sin @ == Veh. 
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It remains to check that if the number @ satisfies the 
requirements (2.33) and (2.34), then equality (2.32) is 
fulfilled. Indeed, we have: 


asint+ bcost 


>—; a b 
VIELE rare 8m + rage 8!) 


— VY a*-+}?(sintcos @+ cost sin q), 
and, by virtue of (2.11), we get 


asint+bcost=Va?+b?sin(t+@). b> 


2.2. Trigonometric Identities for Double, Triple, 
and Half Arguments 


1. Trigonometric Formulas of Double Argument. 
Theorem 2.3. For any real numbers a the following 
identities hold true: 


sin 2a = 2 sin a cos @, (2.36) 
cos 2a = cos? a — sin’ a, (2.37) 
cos 2a = 2 cos? a — 1, (2.38) 
cos 2a = 1 — 2 sin’ a. (2.39) 


Proof. Applying formula (2.14) for the sine of the sum 
of two numbers, we get 


sin 2a = sin (a + a) = sinacosa+cosasinag 
= 2 sina: cosa. 


It we apply formula (2.1) for the cosine of a sum, then 
we get 
cos 2a = cos (a + a) = cosacosa — sina sina 
= cos’ a — sin’ a. 

Identities (2.38) and (2.39) follow from identity (2.37) we 
ae) proved and the fundamental trigonometric identity 
(1.9): 
cos 2a = cos* a — sin?’ a 

= 2 cos* a — (cos*a + sin* a) = 2sin?a — 1, 
cos 2a = cos? a — sin?’ a 

= (cos? a + sin’? a) — 2sin?a = 1— 2sin’a. >» 
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Corollary 1. For any real values of a the following iden- 
tities are valid: 


COS? @ = A=h08s Pet ; (2.40) 
sin?a@ = oS, (2.41) 


Proof. Formula (2.40) follows directly from identity 
(2.38). Analogously, formula (2.41) is obtained from 
identity (2.39). p» 

Z. Expressing Trigonometric Functions in Terms of the 
Tangent of Half Argument (Universal Substitution For- 
mulas). The formulas considered here are of great impor- 
tance since they make it possible to reduce all basic 
trigonometric functions to one function, the tangent of 
half argument. 

Corollary 2. For any real number a, except a =n + 
ann, n € Z, the following identities are valid: 


2 tan > 
sin a = ————_— ' (2.42) 
2 
1-+- tan 5 
4 —tan? > 
COS & = ————__, (2.43) 
4-++ tan? > 


Remark. The domains of permissible values of the 
arguments on the right-hand and left-hand sides of (2.42) 
and (2.43) differ: the left-hand sides are defined for all 
the values of a, while the right-hand sides only for the 
as which are indicated in the corollary. 

Proof. By virtue of (2.36) and the fundamental trigono- 
metric identity (1.9), we have: 


2sin Esai poe 2 sin — cos — 
sina = sin (2.5) we a 


a ‘ a ° 
cos? — -++ sin? — 
2 + 2 


By hypothesis, cos + does not vanish, therefore both 
the numerator and denominator of the fraction may be 
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e s a 
divided by cos?—, whence 
2 
sin @ od 
2 tan — 
Bi ie COS & -_ 2 
> ee a 
sin? — 1+ tan? — 
1 2 Z 
2 aes 
COs? = 
Z 


We now apply (2.37) and the fundamental trigonomet- 
ric identity and get 


a of ; a 
COS @ = cos (2-5) == cos? — — sin*— 


2 2 
sin? > 
A o23 

Oe gig. q & tan? 
aoe ee eos Metals 
cos? =. + sin = sin? = 1+-tan? — 
2 2 {4 2 2 

a 

ead 

cos 5 


Corollary 3. For any real numbers a, except a= + 
nk, @=n-+2nn (k, n€Z) the following identity holds. 


2 tan > 
tan @ = ——_—_———_-, (2.44) 


1— tan? 

Proof. Note that, by hypothesis, cos @ does not vanish, 
and the condition of Corollary 2 is fulfilled. Consequently, 
we may use the definition of tangent and then divide 
termwise identity (2.42) by identity (2.43) to get 


oi} a 
2 tan — 4 — tan? — 

sin @ and ’ oe 2 
We og ee 
{+ tan? — 4+ tan? — 

2 2 

2 tan > 
a > 
4 — tan? — 


2 
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Remark. This formula can also be derived from (2.13). 
Indeed, 


ofan 
a oA 2 
tanga= tan (=—4-—] = ; 
2 2 2 & 
1—tan > 


Corollary 4. For any real numbers a, except a = nn 
(n € Z), the identity 


1— tan? = 


cota = 


(2.45) 


a 
2 tan 


is fulfilled. 

Proof. The values of the number a satisfy the require- 
ments of Corollary 2 and sin @ does not vanish, therefore 
identity (2.45) follows directly from the definition of 
cotangent and identities (2.42) and (2.43): 


ae 1—tan? = 2 tan 
ene te 
1+ tan? > 1- tan? —> 
i= tan? + 
—_= z > 
2 tan > 


Example 2.2.1. Evaluate sin (2 arctan 95). 
q Let us use formula (2.42). If we set @ = 2 arctan 5, 
then 0 <(a<(n and a/2 = arctan 5, and, by virtue of 
(2.42), we have 


See: 2 tan = 2 tan (arctan 5) 29 > 
1+ tan? 4. 1-+ (tan (arctan 5))? 26 13 ° 
Example 2.2.2. Evaluate cos (2 arctan (—7)). 
<qLet us denote «=2 arctan (—7), then tan > = —7 
and —n<a<Q. Using formula (2.43), we get 
1—-tan? > 449 24 


cos a — 


1-ttanz & 
r tan? —> 
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Example 2.2.3. Evaluate tan (2 arctan 3). 
qSetting a@=2 arctan 3, we get tan =3> 1 and 
Fan. Using formula (2.44), we get 


a 
2 tan — 
2 pee ) 
ban aS ee ee a ee 
fo? 8 4 
1— tan? —— 
2 
3. Trigonometric Formulas of Half Argument. 


Corollary 5. For any real number « the following identi- 
ties are valid: 


1 : 
si y/ Ate (2.46) 


a 1—cosa 
sin = 4 yf Ome | (2.47) 


where the sign depends on the quadrant in which the point 

Pas, lies and coincides with the sign of the values contained 

on the left-hand sides of the equalities (in that quadrant). 
Proof. Applying identity (2.40), we get 


a 
pee (2-5) _ 1+cos a 


2 — 2 ; 


a | 1+cos a 
feos F=f tee 


To get rid of the modulus sign, the expression cos = 


should be given the sign corresponding to the quadrant 
= lies in; whence follows formula (2.46). Similarly 
(2.41) yields equality (2.47). » 


Corollary 6. For any real number a, except a = n (2n + 
1) (n € Z), the following identities are valid 


102 
cos? — = 
2 


whence 


—cos & ‘ 
tan = z=Ht t/a Eose (2.48) 
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(the sign before the radical depends on the quadrant the 
point P x2 lies in), 
a sin @ 
Abie rere yeaa LAL 2 
tan > = reo (2.49) 
Proof. Identity (2.48) is obtained if we take into consid- 
eration that cosa +O and divide identity (2.47) by 
(2.46) termwise. Further, by virtue of (2.36) and (2.40), 
we have: 


eA a a 
sin — 2 Sin — cog -—— : 
a 2 2 2 sina 
tan = = ——_—._ >= —__—__—__- = ———__.. > 
yi 4 2 & 1-+cos a 
cos > 2 cos? — 


Corollary 7. For any real number a, except a = nn 
(n € Z), the following identity is valid: 


Oo 1—cosa 
ne (2.00) 


Proof. In this case the condition sin > ~ 0 is ful- 
filled, therefore from (2.36) and (2.41) there follows 


an » sint & 
a sin 5 2 sin 5 
Bl = eS 
7 cos 2 sin -~ cos — 
2 2 2 
__9 1—cos(2(a/2))  1—cosa@ > 
sin(2(a/2)) sina ‘ 


Corollary 8. For any real value of a, except a = 2nn, 
n€Z, the following identities hold true: 


cot = + pee (2.51) 


1—cosa@ 


(the sign before the radical depends on the quadrant the 
point Py, lies in) 


e) sin a 
COU "4 cose” (2.52) 


Proof. Since by hypothesis sin > 0, formula (2.51) 
is obtained after termwise division of (2.46) by (2.47). 
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From identities (2.36) and (2.44) it also follows that 


OL ia oe OR a 
cos — 2 Sin -—~- cos — ; 
a 2 2 2 sin @ 
cot — = ————_ = —___—_—__ — ———_—_.., > 
2 . a .. a 1—cosa 
So: 2 sin? —- 


Corollary 9. For any real number a, excepia=ann,n€Z, 
the following identity is valid: 


cota = A+ cos a 
sin @ 
Proof. By virtue of (2.36) and (2.40), we have: 
cos 2 cos? 
(oJ 2 2 1+cosa 
cot — = ———— = —__——__ = —_—__,. > 
. sin = 2sin — cos > a 
2 2 2 
Example 2.2.4. Evaluate sin > : cos =, tan = 


qLet us first apply identities (2.46) and (2.47) with 
a= and take the radical to he positive since > 
belongs to the first quadrant. We have: 


qt ee 
es V/ 1+ cos =- V2+V2 
cos = >= arg Set Wn =. 


8 


[ s-c0 = — cos V5 
in 2 | a ViRV3 
Further, 


3 Iv 
1 Se = V2—V2 
n 2+ 72 
8 


es =V oe 


(2+ Y 2) (2—Y 2) 


Example 2.2.5. Evaluate cos (+ arccos (-3,)) 


qLet a= arccos (—+,). then cosa= — 0< 


0? 
a<n and + lies in the first quadrant. Now, using 
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formula (2.46) with a positive radical, we get 


cos = arccos ( ar))= yy ae 

s (= arecos (—+> 
ai) oe. _ 8V5 
= 1 ee the 


4. Trigonometric Formulas of Triple Argument. 
Theorem 2.4. For any real numbers a the following 
identities are valid: 


sin da = 3sina — 4sin'’ a, (2.53) 
cos 3a = 4 cos?’ a — 3cosa. (2.54) 
Proof. From (2.11), (2.36), (2.39) and the fundamental 
trigonometric identity it follows that 
sin 3a = sin (#+ 2a) = sina cos 2a-+-cosa@sin 2a 
= sina (1—2sin?a) + cosa (2 sin a@ cos @) 
= sina—2sinea+t 2sinacos? a 
= sina—2sinea+2sina (1—sin?a) 
=3sina—Asinia. 


Further, by virtue of (2.1), (2.36), (2.38), and the funda- 
mental trigonometric identity, we have 


cos da = cos (a + 2a) = cos a cos 2a — sin a sin 2a 
= cos a (2 cos* a — 1) — sin a@ (2 sin @ cos @) 
= 2 cos? a — cosa — 2 sin*acosa 
= 2 cos? a — cos a — 2 (1 — cos? a) cosa 
= 4co a — 3cosa. > 


Example 2.2.6. Evaluate cos (3 arccos (— =) 


<q Let a = arccos { — x) , then cosa = — - We make use 
of identity (2.54) to get 


cos 3a = 4cos?a—3cosa 
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Example 2.2.7. Evaluate sin(3 arcsin 5) : 


HS) 
qlet a= aresin = , then sing =>. We use identi- 
ty (2.53); whence there follows: 
: 1 4 74 
Sin 3G == Oe 125° 125° be 


2.3. Solution of Problems Involving 
Trigonometric Transformations 


1. Evaluation of Trigonometric Expressions. A number 
of problems require the value of a trigonometric function 
for values of the argument that have not been tabulated 
nor can be reduced to tabular values by reduction or 
periodicity formulas, that is, they do not have the form 
nk/6 or nk/4, k € Z. Sometimes, the value of the argu- 
ment can be expressed in terms of such tabular values 
and then apply the addition formulas for half or multiple 
arguments. 

Example 2.3.1. Evaluate tan =. 
q Since B= -—= , we may apply formula (2.14) for 
the tangent of a difference: 


tan -j-—tan —— 1 Fa 
tan— = tan (+-+4)= 4 GP V3 


7 I | 
1+ tan" tan = 1414-—-= 


v3—1 (V3—1)° = 
= oO 
V3+1 (573841) (3—1) V3.r 


Example 2.3.2. Evaluate cot 
om 


q Noting that wept we apply formula (2.15) 
for the cotangent of a sum: 


J qt 
on Gt ge a 
cot —— — cot (++ +} = 

42 4 6 cua 1 
cot 4 cot 


1-V3—1 (/3—1)° 3 
Se ee ee 2 3. 
143 a, ro® 
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In the cases when the argument is expressed in terms of 
inverse trigonometric functions, we have to transform the 
given expression so as to take advantage of the definition 
of inverse trigonometric functions. 

Example 2.3.3. Evaluate 


37 4 ; 4 
A-= tan (-F arcsin (—=+) : 


¢q Using first identity (2.50) for the tangent of half argu- 
ment and then the corresponding reduction formula, 


we get 
and 4) 
1— cos ( — ¥ aresin (— 5 
A ae 
sin ( 5 — 7 arcsin (—=)) 
. {i 4 
_ 1+ sin (> aresin ( -- =] 
mee (gare (=F) 
— Os | > arcsin é 
We set a: arcsin (—=). then sing = — : > 


5 
5 , A\2 9 
a<iQ), cos*a=1—sin?a -— 1 —(—+) = ZF. Conse- 


quently, cosa= =, and, by virtue of (2.47) and (2.46) 
for the sine and cosine of half argument, we get 


a: 
ae oo. 1—cosa _ te 1 
2 2 a 2 V5? 
3 
— 44-> 
a 1+ cos a V 9 2 
cos =f = 3, are 


The signs before the radicals have been determined 
from the condition —=<a<0. Finally, 


— V5 
Ao (1g) +(e) =. 
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Example 2.3.4. Evaluate 


arcsin = +- arcsin i 
sic, 38 12 3 
qLet a = arcsin e , B=aresin 73. Then sine=—, 


O<a<—, sinf== = 0<p<—and0<at+p<m 


i.e. the number «+f lies in the fee of values of 


arc cosine. Since the points P, and Pg, lie in the first 
quadrant, 


cosa == VY 1—sin?a—4/5, 
cos B == VY 1—sin?® = 5/13, 
and we may apply formula (2.1) for the cosine of a sum: 
cos (a + 6) =cosacosh—sinasin fp 
4 5 3.12 16 


5°43. #5 13 65° 


whence it follows that «+B =arceos ( — 7) . >» 


When solving such problems, a common error consists 
in that the magnitude of the argument a + f is not 
aken into account. They reason like this: by the formula 
or the sine of the sum of numbers, we may write 


sin (a+ B) =sinacos p+ cosasinp 

3 5 4 12 6 

5°43 ' 5 137 65° 
tand then conclude incorrectly that a + 6 = arcsin 7° 
although the number a + f does not belong to the do- 
main of values of arc sine since a + Bp > — 

Example 2.3.5. Evaluate arctan 4—arctan 0. 

<q Let @ = arctan 4, f = arctan5, then tana = 4, 
Oma a tanp=5,0<8 <-> and —-+< a—pB< 


>. Let us use formula (2.14): 
tan (a —p) = tana—tanB 4—5 1 


{+tanatanp Pea Oe 
501644 
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Consequently, a—f — arctan (-=7} since the number 
a—f lies in the domain of values of arc tangent. p 
Example 2.3.6. Evaluate sin 10° «sin 30° -sin 50° «sin 70°. 
qLet us make use of the reduction formula (2.3) and 
multiply the given expression by cos 10°; we get 


cos 10° sin 40° sin 30° cos 40° cos 20°. 


Now, we may apply formula (2.36) for the sine of adouble 
angle for three times, namely: 


Cos 10° sim f° sin 36° cos 26° cos 40° 


=+ (2 cos 10° sin 10° )+ cos 20° cos 4° 
ne er : ‘ 
= sy 15 (2 sin 20° cos 20° ) cos 40° 
= 5's (28in 40° cos 40°) = 7 sin 80°. 
Since the initial expression was multiplied by = 10° = 
sin 80°, it is now obvious that it is equal to is > 
Example 2.3.7. Prove the equality 
_1 v3 _, 
sin 10° cos 10° 


qMultiply both sides of the equality by the number 
sin10° cos 10° which is not zero. This transformation 
is reversible, and the equality being proved now has the 
form 

cos 10° — / 3 sin 10° = 4 sin 10° cos 10°, 


or 


2 (= cos 10° — S sin 10°} == 2 sin 20°, 


2, sin (30° — 10°) = 2 sin 20°. 


We have used formulas (2.36) and (2.12) and have shown 
that both sides of the equality are equal to the same 
number 2sin20°. >» 

The examples considered above show that in computa- 
tional problems it is often convenient first to carry out 
simplifications with the aid of known trigonometric for- 
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mulas. For instance, it is useful to single out the expres- 
sion of the form sin? @ -+ cos? @ which is equal to 1 by 
virtue of the fundamental trigonometric identity. 
Example 2.3.8. Evaluate 
in 7 1 post 2% 41 gins 5% re 
Sin® ~~ 7 COS" —| t- sin 8 +- COS s)° 


q A long solution would be first to compute the 
i. = 3m - Ot (3 ; 

values sin z= cos, sin-=-, and cos —— with the 

aid of half-argument formulas and then to raise the 

terms to the fourth power and to add them together. 

However, we first use reduction formulas (2.3), (2.8), and 

(2.9) according to which 


3 It =} ee OE 
cos — = cos {| —_— — —: ] —s1n —_— 
3 8 


2 8 
sin 2% = sin Slee ep = os = —cos/% 
cece aes ( z 03 )=e g 8 


Consequently, the given expression can be rewritten as 
follows: 


a ee 1} 
2 (sin 3 -+- cos 5 


eas ine 24) .2 sin? — cos? 
= 2 (sin g + cos* = 2-2sin? —— cos* | 


Eee ee eee ee) ee 
=: 2.1—sin T=? y= 7: 


Here, we have used the fundamental trigonometric iden- 
tity, formula (2.36) for the sine of a double angle, and 


also the tabular value sin > = eS be 


Example 2.3.9. It is known that cos pm + sin @ = a, 
where @ and a are real numbers. Find sin*? m + cos? q. 


<q sin’ p+ cos’ 
= (sin 9+ cos g) (sin? g— sin @ cos * + Cos? g) 
=a (+ (sin? @ +- cos? g) 


—+ (sin? p+ 2 sin cos p+ cos? 9) ) 
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=a ($-4 “x (sin @ ++ cos 9)?) =@ (5-4) 
=<. a— Fa’. > 


Example 2.3.10. Evaluate 
A — £98 70° cos 10° -+- cos 80° cos 20° 
~~ os 68° cos 8°-++- cos 82° cos 22° ° 


<q First use the reduction formulas and then formula (2.2) 
for the cosine of the difference between two numbers: 


A= £28 70° cos 10° +- cos (90° — 10°) cos (90° — 70°) 
C08 68° cos 8° + cos (90° — 8°) cos (90°— 68°) 
cos 70° cos 10°-- sin 10° sin 70° cos (70° — 10°) 


cos 68° cos 8°-++- sin 8° sin 68° ~~ C08 (68° — 8°) 
cos 60° 
~~ cos 60° > 


Ste if 


Example 2.3.11. Find sin ate and cos 


sina, +sinB= —4, cos o.-+- cos B = — Fe, and mt<a— 


B<3n. 
qIt follows from the two equalities that 


(cos a+ cos B)®+ (sina + sin f= 
whence we get: 
(cos? a + sin? a) + 2 (cosa cos 6 + sin a sin B) + 
(cos? B + sin? B) = 18/65, 


1-+-2cos (a—B)+ 1 = 18/65, 
1-+ cos (a —B) = 9/65, 


2 cos? ot — 9/65. 


Consequently, by virtue of the inequalities >< 


oP a 
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Transform the sum of two sines into a product using 
formula (2.17): 
ote —B 


cos 
3 


sf . atB 


= — sin 
2 


V 65 


sina+tsinp=2sin 


Consequently, 

248 (2). (YB) 7 
2 65/ * V 65 V 130 ¢ 
Similarly, by virtue of the identity (2.21), we get 
are a—f 

2 


COs 


sin 


cos a-+ cos B = 2 cos 


1/5 
ee a er al ; 
V/ 65 2 


Therefore 


cos 


a-+-B = — =) == _ 32 V2 pra 
2 =( 65) ( 7) = > 

An interesting method of solving problems on computing 
the values of trigonometric expressions consists in the 


following: we first try to find and then apply an algebraic 
condition which is satisfied by the given expression. Here 


is an instructive example: sin = = sin 72° = cos 18°. 
Example 2.3.12. Prove that 


cos 18° = ye : 


qConsider the continued identity based on the formula 
for the sine of a double argument: 


cos 18° sin 18° cos 36° = > (2 sin 18° cos 18°) cos 36° 
sin (2- 18°) cos 36° = > sin 36° cos 36° 
(2 sin 36° cos _ = — sin 72° 


cos (90° — 72°) = — cos 18°, 


> 
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which yields the equality 

| 

4G ’ 

since cos 18° = 0. Using formula (2.39), we write cos 36° = 
1 — 2 sin? 18° and, consequently, get the relationship 


sin 18° cos 36° =: 


sin 18° (1 — 2 sin? 18°) == 7 
or 
8 sin’ 18° — 4sin 18° +-1=0 


that is, an algebraic equation which is satisfied by the 
number sin 18°. Setting sin 18° = x, we can solve the 
cubic equation thus obtained 


82° — 4x4 4+-1 = 0 


by factorizing its left-hand side by grouping the terms in 
the following way: 


823 — 4x + 1 = Qe (42? — 1) — (27 — 1) 
= (2x — 1) (42? + 2x — 1). 


Consequently, our equation ‘takes the form: (2z—1) x 


(4x? + 27 — 1) == 0, its roots being z, = a {to Socal) ; 
C= a . Since 0 < 18° < sin 30° => (by Theo- 


rem 1.4), then z,>4sin 18°, z,4sin 18°, consequently, 


sin 18° =- ae . Hence (since cos 18° > 0) 


Ss ieee (75-1 
cos 18° -: VT — sin? 18° = ae 


97 i. Sav oie, > 


2. Simplifying Trigonometric Expressions and Proving 
Trigonometric Identities. The usual method of proving 
a trigonometric identity consists in that one of its sides 
is transformed with the aid of various trigonometric and 
algebraic operations and also with the aid of therelation- 
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ships given in the hypothesis so as to get finally the ex- 
pression which represents the other side of the identity. 
We can make sure that the left-hand and right-hand sides 
coincide, transforming them separately so as to get 
equal expressions. It is only reguired that all the trans- 
formations carried out be reversible in the domain of per- 
missible values of the arguments of the given equality 
(that is, for all values of the arguments for which all the 
expressions involved in the given identity make sense). 
This means that not only from each equality obtained 
during the process of transformations there follows a con- 
sequent equality, but also vice versa, the preceding equa- 
lity itself must follow from the consequent one. This meth- 
od of reasoning, of course, seems to be rather general 
and is used for solving equations and systems as well as 
for proving and solving inequalities. 
Example 2.3.13. Prove that if 


sin(r—@) a cos(t—a) — A 


sin(z—p) 0’ cos(t—p)  B 
and aB + bA =O, then 


aA+bB 
aB+bA ° 


q Using identities (2.11), (2.36), (2.17), we get 


cos (a—f) = 


a A siu(t—@) cos (x—a@) 
aA+bB bet __sin(z—B) cos (x—B) v4 
aBthA a, A — sin(r—a) | cos(t—a@) 
eet sin(z—B) ' cos(x—P) 


__ sin (x— @) cos (x --a@)-+ sin (x — B) cos (x — B) 
~ sin (z—@) cos (x — f) + cos (x — @) sin (x —B) 
5 (sin 2 (x—a)-+ sin 2 (x --- B)) 
sin ((-- a) -++ (x -- B)) 


ea eee (cal SSC = 
sin (24 — (a-+ B)) eal 


The last transformation consisted in dividing both the 
numerator and denominator of the fraction by the num- 
ber sin(2z — (a2 + £)). This transformation is reversible 
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since sin (22 — (a + f)) = 2 of: 0 


for the values of the arguments z, a, { considered 


in the problem. p> 
Example 2.3.14. Simplify the expression 


sin® 2a cos 6a + cos® 2a sin 6a. 


q Applying formulas (2.53) and (2.54) for the sine and co- 
sine of a triple argument and also formula (2.11), we get 


sin’ 2a cos 6a +- cos? 2a sin 6a 


— (+ sin 20— 7 sin 6c. } cos 6a 


3 { ; a 
+. (z cos 2a -+- | cos (ot) sin 6a 


=+ sin 2a cos 6a — 7 sin 6a cos 6a 


+3 cos 2a sin 6a due z cos ba sin ba 
=2 (sin 2a cos 6a -+ cos 2a sin 6a) 


=3 sin (2a + 6a) = s sin 8a. 


All the aia died pte out are reversible, and 
any real value of a is permissible. p> 
Example 2.3.15. Prove that the expression 


2 (sin§ x + cos® x) — 3 (sin* x + cos* x) 
is independent of z. 
q Apply the fundamental trigonometric identity: 
2 (sin® x + cos® x) — 3 (sin*t x + cos* z) 
= 2 ((sin? x)? + (cos? x)?) — 3 sint «x — 3costz 
= 2 (sin? x + cos* x) (sintz — sin*? x cos* z + cos* z) 
— dsint x — 3cos* x 
= 2 (sintzx — sin® x cos* x + cos‘ 2) 
— 3 sin*x — 3costz 
= —(sin* x + 2 sin? x cos? x + cos! z) 
= —/(sin® x + cos? x)? = —1. > 
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One should remember that in problems on transforming 
a trigonometric expression it is always supposed, although 
frequently not stipulated explicitly, that the given 
expression must be transformed in the domain of its 
definition, that is, only for the values of the arguments 
for which the suggested expression has sense. 

Example 2.3.16. Prove the identity 


3+4cos 4a-+ cos 8a 
3—4cos 4a-+ cos 8a 


qVhe right-hand side of the identity is defined for num- 
bers « such that sin 2a ~ O, but it is not yet clear whether 
the domain of the right-hand side coincides with the do- 
main of the left-hand side, which is defined by the condi- 
tion 3 — 4 cos 4a + cos 8a ~ O. It is not convenient to 
begin the solution by determining the domain of the left- 
hand side. One has first to carry out formal transforma- 
tions using identities (2.40) and (2.41): 


3-+4cos4a+cos8&e 2+ 4cos4a-+2 cos? 4a 
3—4cos4a-+cos8a®  2—4cos4a-+2 cos? 4a 


_ 2(1+2cos4a-+ cos? 4a) __ 2 (1-+ cos 4a)? | 
~ 2(1—2cos4a+cos?4a)  ~—s- 2 (1 — cos 4a)? 
__ 2(2 cos? 2a)? 
~~? 2 sin? 2a)? 
As a result of these transformations, it has been cleared 
up, in passing, that the denominator of the left-hand 
side is equal to 2 (2 sin® 2a)®, and the domain of defini- 
tion of the left-hand side coincides with that of the 
right-hand side. In the given domain of definition 
sin 2a 0, thatis,a ~ sis k € Z, and all the transforma- 
tions carried out are reversible. p> 
When proving identities involving inverse trigonomet- 
ric functions, their domains of definition should be treated 
attentively. | 
Example 2.3.17. Prove that if z€[0, 1], y €[0, 1], 
then the following identity holds true: 


= cot! 2a. 


= cot! 2a. 


arcsin x +-arcsin y = arccos (Y 1—a2 VW 1—y?—zy) . 


Let a = arcsin z, B = arcsin y, then sin a = r> 0, 
O<ca<qn/2, sini = y>0,0<f<n/2,0<a+B6< 
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a, and the number a + 6 lies in the range of arc cosine. 
Further note that 


cosa = WV 1— 2 ; cosp = V1i—y? 


since the points P, and P, lie in the first quadrant. Now, 
we may apply formula (2.1) for the cosine of a sum to get 


cos (a + B) = cos acosB—sina sin B 


=VYi-w2® VYi-y? —ay. 
Hence it follows that 


a+fp=arccos (VY 1—2z? V1—y? —xy), 


since a + B€E[0, x]. p> 

Note that the identity being proved ceased to be valid 
if the condition x € [0, 1] and y € [0, 4] are not fulfilled. 
For instance, for «= —1/2, y = —1/2 the left-hand 
side is negative, while the right-hand side is positive. 

3. Transforming Sums and Products of Trigonometric 
Expressions. 

Example 2.3.18. Find the product 


P = cos a cos 2a cos 4a... cos 2"a 


for a-« nk, k € Z. 

<qMultiply the given product by the number sin « which 
is nonzero by hypothesis (a - nk, k € Z). This trans- 
formation is reversible, and we get 


P sina = (sin acosa@) cos 2a... cos2”" a 


4 ° c 
= 5 sin 2a cos 2a cos 4a... cos2" a 


4 ‘ ° ry ‘ ‘ 
=F (2 sin 2a cos 2a) cos 4a... cos 2" & 


t- 24 
= py SinSa... cos2"a=.., 

{ . pie spn 1 : syir+] 
= on Sine acos2” 4= Ontl sin 2 a. 


Consequently, 


p= 4 sin 2741 & > 
~ Qnel sin a . 
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Example 2.3.19. Compute the sum 
S = sina-+sin2e+...+sinna. 


qlfia = nk(K EZ), then S = sin wk + sin 2nk 4+ ...4 
sin ntk = 0. Let a ~ nk (k € Z). We multiply the sum 
S by sin * + 0, and then use formula (2.29) for the 
product of sines. We get 

S sin + =(sina+sin 2a+...-+sin na) sin 


‘ e a ° . 4 . ° oF 
= sin @ sin —- + sin 2a sin =r ae + Sin no sin —- 


we eee cos 52 | = (cos + —cos ) 
~~ 2 ( me ae ee 2 zs 2 2 2 

1 (2n—1)a 
teers (cos St) 


4 a (cos oe ® cos ae) _ 


(2n > 3) a —cos 


4% _ & (Q2n+1)a\  ... (nt1)a _. na 
=% (cos Fa a) = sin “—3-— sin —— 


(we have also applied formula (2.22)), whence 


. sil CFOS sin > 
sin > ‘ 
Example 2.3.20. Compute the sum 
S =cosa-+cos2a-+...+ cos na. 
qif a= 2k, k €Z, then 
S = cos 2nk + cos 4nk +... + cos nak 
=1+...4+14==n. 
Let a ~ 2nk, kK €Z, then sin 3 
formulas (2.27) and (2.18), we get 


2 a 
S sin = 


Beas 
2 


+0 and, using the 


° : 6 2 . a 
= sin cosa-+sin — cos2a-+ ... +sin —cosna 


2 2 
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me sin = sin 5) fe (sin > @—sin 3) 
“2 ( 2 2 2 2 2 
(2n--1) a i ene) 
eae sin ——z-— 
7 erp ie i THE Vee cca MO _ (n+1) a 
= > 5 (sin 04 — Sin >) = sill —— cos 5 
Consequently, 
. na  (n+i1)a 
sil —y— cos ———5- 


i aeneaene eae 


sin — 
2 


raga 2.3.21. Prove the ‘oaee 
O 


Stan 47 tan +, + ont nN or 
: sz cot sx — cota. 
= on 
qFirst, we prove a useful auxiliary formula: 
sin z COS x 
tan r—cota = —— 
COS x sin Zz 
costz—sin?z og COS 2z 
sing-cosx  § ~ sin2zx 
—2cot 2z. 
1 
Then we subtract the number ga COb oR a from the left- 


hand side of the identity and apply n times the formula 
just derived: 


1 oi} 4 a 4 a 
3 tan + 7 tan = ee boner ban spa 
1 o) 1 
+ on tan oa — on cot sr 
aay LS an = eee yee 
a alee A ale Sa 
4 1 a 4 a 
+ (tan ox — cot sr or) =z tan 4ztan 3 
| od 4 a 
af ={- 9n-1 tan 9n-1 gn-l ot Qn-1 
1 a 4 eo) 1 a 
= tan + -F tan—--+ ..-—-gncg COl Saae 


Problems 77 


= =Ftan 247 tan — 7 cot % 
= tan +7 (tan —— —cot =) 

= 5 tan - — + cot > 

=> (tan > — cot +) = —cota. 


The given identity follows from this continued equality. 
Note that the domains of definition of both sides of the 
given identity coincide with the set of real numbers a 
such that sin a «0, that is, a ~ ak, k € Z. 


PROBLEMS 


In Problems 2.1 to 2.17, prove the given identities: 
24. tan 2t-+ cot 3s = tan 2t 
cot 2¢-+- tan 3s tan 3s ° 
cos? t— cos?’ s 
sin? tsin?s ° 
23. sin 4a _ £08 20 
1+cos4a  1+cos 2a 


2.2. cot?t—cot?s= 


= cot (5 x— a) : 


2.4. (cos a — cos B)?— (sin a — sin B)? 


= —4sin? aoF cos (% -+ B). 


sinét-+-cos®t—1 ~ 3° 
2.6. cot t— tan t—2 tan 2t = 4 cot 4t. 
2.7. tan 6t— tan 4¢— tan 2¢ = tan 6¢ tan 4¢ tan 2¢. 


3 tan t—tan¢ 
4—3tan?t 


2.9. sint to (cot 4¢—4 cos 2t+5) ; 


2.8. tan 3t= 


8 
2.10. cos 4t = 8 cost t —8 cos? t+ 1. 


2.41. 3—4 cos 2i-+cos 4t 


ea ee eee ee 4 
3-+-4 cos 2t-+cos4t — ane 
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2.12. cost+ cos (é-+ s)-+ cos (f+ 2s). 
1 
cos (1+ ] sin (“=-) 
% Ss . 
sin 


+ ...-+ 008 (f+ ns) -= 


2.13. sint-+ sin (t+ s)-++ sin (t+ 2s) 

sin (+) sin (E s] 
° s : 
sin oy 


2.14. 8costt-+ 4 cos? t— 8 cos?i— 3cost+1 


+...+sin(t-+ ns) = 


7 t 
= 2cos 3 tcos—. 


2.15. sin (¢ + s + u) = sin? cos scosu 
-+ cos t sins cos u + cos? coss sin u 
—sin?fsin s sin uw. 
2.16. cos (¢ + s+ u) = cost cosscosu 


— sin t sin s cos uw — sintcoss sin u 
—cosftsinssint. 


tan? t— tan? s 
4—tan?¢ttan?s 


In Problems 2.18 to 2.23, simplify the indicated 
expressions. 


2.18. sin? (+ +2s)—sin? (2s). 
2.19. cos? (t+ 2s) + sin? (é — 2s) — 1. 


2.20. cos® (t—-) + sin’ (+--+) 


~= ( sin? (t+) —cos?(t+))”. 
2.21. sin? (= — 2¢ } —sin? ( — 2¢) 


4 
: 437 41n 
—sin 5 cos ( 5 —4t). 


2.17. = tan (¢-+ s) tan (£—s). 


a 
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2.22. sin® 2t cos 6t 4- cos? 2¢ sin 6¢. 

2.23. 4 (sin* t -+ cos‘ t) — 4 (sin® é -|- cos® t) — 1. 

In Problems 2.24 to 2.28, transform the given expres- 
sions into a product. _ 

2.24. sin 6 — 2V 3 cos? 3t + V3. 

2.25. tant t — 4 tan? t + 3. 

sin? (¢-++ s) — sin? t— sin? s 

2.26. sin? (t-- s) —- cos? t— cos? s 

2.27. sin? (2t — s) — sin? 2t — sin’ s. 

2.28. cos 22t +- 3 cos 18t + 3 cos 14t + cos 108. 

In Problems 2.29 to 2.32, check the indicated equalities. 

2.29. cot 70° + 4cos 70° = V3. 


2.30. sin? (arctan 3— arccot ( —5)) =, 
2.31. sin (2 arctan 5) + tan (5 aresin 7) =H, 
2.32. sin (2 arctan + } — tan (5 arcsin =) ==, 


In Problems 2.33. to. 2.36, compute the given expres- 
sions. 


2.33. arccos (cos (2 arctan (VY 2 — 1))). 


2.34. sin? (arctan 5 — arctan ( — x) } ; 


2.35. COS (= arccos 2 --2arctan (— 2)) F 


2.36 sin 22° cos 8° +-cos 158° cos 98° 
. sin 23° cos 7°-+- cos 157° cos 97° ° 


2.37. Find tan > if sin t + cost = 1/5. 


2.38. Knowing that a, B, and y are internal angles of 
a triangle, prove the equality 
p Y 


e e @ OL 
sin — 4 cos —cos = cos—, 
ina-+sinf+siny=4c ; 5 5 


Chapter 3 


Trigonometric Equations 
and Systems of Equations 


3.1. General 


Written entry examinations include, as a rule, problems 
on solving trigonometric equations. This is partly ex- 
plained by the fact that there is no general method which 
would he applicable for solving any trigonometric equations 
and in each concrete case the search for a solution require, 
a certain of ease in carrying out identical transformations 
and the knack of finding and applying the proper trigo- 
nometric formula. In most cases, the transformations 
used to solve such problems are generally aimed at the 
reduction of a given equation to several simple equations 
to be solved in a regular way, as it was described in 
Sec. 1.4. 

It is of importance to note that the form of notation of 
the roots of trigonometric equations often depends on the 
method applied in solving a given equation. To prove the 
fact that two different notations of the answer are equiv- 
alent is sometimes an interesting problem in itself, 
although the examination requires to solve the given 
equation using only one method, rather than to transform 
the answer into other notations. 

When solving trigonometric equations and systems of 
equations the student has frequently to deal with rather 
complicated expressions composed of trigonometric func- 
tions. Competition problems often involve expressions 
that, along with trigonometric functions, contain other 
types of functions (inverse trigonometric, exponential, 
logarithmic, rational, fractional, etc.). The student must 
remember that in most cases such expressions are not 
defined for all values of the variables in the given expres- 
sion. Frequently, identical transformations result in 
some simplifications, however, the equation (or system) 
obtained may have another domain of permissible values 
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of the unknowns. This can lead to “superfluous” or 
“extraneous” roots if the domain of permissible values is 
broadened as a result of a certain transformation or even 
to a loss of roots if as a result of some transformation the 
domain of permissible values is narrowed. A good method 
to avoid such troubles is to watch for the invertibility of 
the identical transformations being carried out on the 
domain under considertion. Whenever the transformations 
are not invertible a check is required. Namely, first, find 
and check the possible values of the roots which might 
have disappeared as a result of the reduction of the 
domain of permissible values, and, second, make sure that 
there are no extraneous roots which do not belong to the 
domain of permissible values of the initial expression. 
Example 3.1.1. Solve the equation 


sinz + 7cosz+ 7=—0. 


qOne of the methods for solving this equation (though 
not the best) consists in using the universal substitution 
formulas (2.42) and (2.43): 


x x 

ea — tan? — 

2 tan 5 1—tan 5 
Skt sag, OOS 

1+ tan? on 1-+ tan? > 


As a result, we get the following equation: 


HF x 
2 tan = 7(4—tan® = | 
z aie Zz - 7 es QO, 
eee. 2 
1+ tan 5 1-+ tan 5 
which is equivalent to tan= = —7, and, consequently, to 


x = 2nk — 2 arctan 7, k € Z. However, the above reason- 
ing is erroneous, since the universal substitution formu- 


Jas are applicable only to the x’s for which tan 5 is de- 


fined, that is, 2 ~ 1 4- 20k, k € Z. Therefore, as a result 
of the transformations, the domain of definition of the 
function on the left-hand side of the equation is reduced 
and in order to get a correct answer, it is necessary to 
check whether there are roots among the numbers which 


6—01644 
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are left outside the domain of definition of the expression 
obtained, that is, to check whether or not the numbers 
x=mn--+ 2nk, k € Z, are also roots of this expression. 
For these values of x we get sin « = 0, cosa = —1, and 
the equation turns into an identity (we mean the original 
equation), therefore the correct answer is: 


x= —2 arctan? + 2nk, x=—=n+ 2nk, &k €Z. 


This problem can be solved in a shorter way, by using 
only invertible transformations. For this purpose, it is 
necessary to use the method of introducing an auxiliary 
angle (Theorem 2.2). We divide both sides of the equa- 
tion by the number Y 1? + 7? = Y 50, transpose the 
number 7/V 00 to the right-hand side, and then rewrite 
the equation as follows 


sin (x + g) = —7// 50, 
7 
V50 
been reduced to a simple trigonometric equation of the 
form sin ¢ = a considered in Sec. 1.4, and the general 

solution is written in the following form: 


z+ = (—1)" aresin (—7)// 50) + an, n€Z, 


or 


where q = arcsin . Thus, the original equation has 


: 7 
+(—1)"*tarcsin —-4-an, n€Z. 


V 50 


Thus, for an even n = 2k, k € Z, we get. a series of solu- 
tions 


- 
4 


X= ~—arcsin — 
V5n 


7 
V50 


X= —2arcsin +. 20k, 


and for an odd n = 2k + 1 another series of solutions 
x=n + 2nk, k EZ. 
The equivalence of the two notations of the answer 


now follows from the equality sin (arctan x) = 2/V 1+ 2? 
see Example 1.4.6) or arctan x = arcsin ———— , 
( p ) aaa 


; 7 
whence arcsin —-—-=arctan7. Pp» 
V 50 
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Example 3.1.2. Among the roots of the equation 
COS SMX _ 
1+ VY 3tan x2 
find the one which has the least distance from the number 
V8 on the number line. 


qThe function tannz is defined if nz 4 > +ak, 


i.e. wes th, ke Z. 


In order to find the domain of definition of the func- 
tion on the left-hand side of the equation, it is necessary, 
in addition, to bear in mind that the denominator must 


not vanish, that is, 4 -+ VY 3 tan mx «0, or tannz ~ 
—1/Y 3, which is equivalent to the condition nz - — a+ 


tk, thatis, «~ — * +k, ké€Z. Thus, the domain of 
cos 3nz 

1-+ V3 tan Ur 

such thataz% > +hkand «4 4 + k fork € Z. Inthe 


given domain of permissible values the equation is equiv- 
alent to the following: 


the function consists of real numbers x 


cos 3nz = O 
whose solution has the form: 


ane ne Z. 


De ets 
INL = > +n, 1e 2 5 f ra 


Let us now find out which of the obtained values of x do 
not belong to the domain of definition. We have: 


1 n 1 

qta=ath for n=1+3h, 

1 1 

qig= a aa k for n= —1+3k. 


Note that n = 3k +1, k € Z, is the set of all the inte- 
gers not divisible by 3. Consequently, the formula for x 
describing the solutions of the given equation must con- 
tain only n divisible by 3. Setting n == 3k, we get x = 


= +k, k€Z. Further, from these solutions we choose 


Ge 
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the one which satisfies the additional condition of the 

problem (with the least distance from the number V8 = 

2V 2). Since 1.44 < V2 < 1.42, we have 2.82 < 

; V2 < 2.84, and it suffices to consider the two num- 
ers 


4 1 
a and t= 4-3, 


which are the closest to the number Y 8. The problem 
has been reduced to comparing the two numbers 


j25—-2V2|=2V2-24 
and 

3 g—2V2 he) D, 

e 6 \=3 7 ans . 
The following inequality holds true: 

Be —2V2 <2V2-2-. 


Indeed, it is equivalent to the inequality 4/2 > be 
which is proved by squaring both members since both of 
them are positive. Therefore the number x = 37 is the 


sought-for solution of the given equation. » | 
If in this example the domain of permissible values is 
treated inaccurately, for instance, one forgets about the 


condition 1 + Y3 tan nz ~0 or that tan nz must be 
defined, then a wrong answer is obtained. 

Even these two examples show the importance of tak- 
ing into account the domain of permissible values when 
solving trigonometric equations. However, it is not al- 
ways convenient to write out the domain of permissible 
values in an explicit form, that is, to indicate explicitly 
all the values of the unknown belonging to this domain. 
It suffices to write the conditions wherefrom this domain 
can be found. Thus, in-Example 3.1.2, these conditions 
were cos mz = 0 (i.e. tanaz is defined) and 1 4+- 


V3 tan nz = 0. Sometimes, one succeeds in solving 
such conditions with respect to x in a simple way (as in 
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Eixample 3.1.2), but in most cases this is a cumbersome 
problem in itself. However, when checking individual 
values of the unknown which may turn out to be roots, 
one may also successfully use an implicit representation 
of the domain of permissible values, checking whether 
the indicated conditions are met for the values under 
consideration. 
Example 3.1.3. Solve the equation 


2sin (3e-+4-) = V1+8sin 22cos? 2x . (3.1) 


qThe domain of permissible values of the given equa- 
tion is specified implicitly by the conditions: 1 + 
8 sin 2z cos? 2x > 0, tsin' (3x + +) > 0. If we square 
both sides of the equation, then, on the given domain, 


the original equation (3.1) is equivalent to the following 
equation: 


4 sin? (37+) = 1+ 8sin 2x cos? 2z. (3.2) 


However, if one does not take into account the domain of 
permissible values, then, although the roots of the origi- 
nal equation (3.1) are also the roots of equation (3.2), 
but all the roots of (3.2) will not necessarily be the roots 
of (3.1). Therefore on finding all the roots of (3.2) we 
have to choose those which will be the roots of the orig- 
inal equation. Applying formula (2.41), we get 


1— cos (62+ -] 


; =F (i+sin 62), 


sin2 (32+ } = 
using formulas (2.36), (2.27), we have 
8 sin 2x cos* 22 = 4 cos 2x (2 sin 2z cos 22) 
= 4 cos 22 sin 4x = 2 (sin 6x + sin 27). 
Therefore equation (3.2) may be rewritten as follows 


2+ 2sin 6% = 1+ 2sin 62 +- 2 sin 22, 
or 


sin 2n= 5, (3.3) 
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For a further investigation, the solutions of this equation 
should be conveniently wrilten in the form of two series 
of solutions (but not united, as usual, into one; see 
Sec. 4.4): 
m on : 
L=sy +n, Lap} an, ne ZL. 

Since equation (3.3) is equivalent to equation (3.2), we 
have to check whether all of its solutions are the solu- 
tions of the original equation. 

Substituting the found values of z into the right-hand 
side of the original equation, we get the number 2, that 
is, the condition 1 + 8 sin 2x cos? 2x >0O has _ been 
fulfilled. For zx = at tn, nE€Z, the left-hand side of 
the original equation is equal to 


2 sin (32+ +} = 2sin (= +207) = 2 cos In, 


If n is an even number, then 2 cos an = 2, and if n is 
odd, then 2 cos an = —2. Hence, from the first series 
the solutions of the original equation are only the num- 
bers 


t-=ze-+Onk, kez. 


For r=" 4 an, n€Z, the left-hand side of the orig- 
inal equation is equal to 


2 sin ( 32 +4] = 2 sin (4+ San | == -— 2 cos mn. 


If nm is an even number, then —2 cos mm = —2, and if n 
is odd, then —2 cos nn = 2. Consequently, froin the sec- 
ond series, the following numbers are the solutions of 
the original equation: 


rez 4 (Qk+ Ayn, EL. 


wt 


5) 
Answer: 2:= iz t 20s: GS aa (Qk+i1n, keZ. > 


When solving this problem, most errors occur owing to 
incorrect understanding of the symbol Y. As in algebra, 
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in trigonometry this radical sign means an arithmetic 
square root whose value is always nonnegative. This 
note is as essential as the requirement that a nonnegative 
expression stand under the radical sign of an arithmetic 
root. If for some values of the arguments these conditions 
are not fulfilled, then the equality under consideration 
has no sense. 


3.2. Principal Methods of Solving Trigonometric 
Equations 


1. Solving Trigonometric Equations by Reducing Them 
to Algebraic Ones. This widely used method consists in 
transforming the original equation to the form 


F (f (®) = 0, (3:4) 


where F (x) is a polynomial and f (é) is a trigonometric 
function; in other words, it is required, using trigonomet- 
ric identities, to express all the trigonometric functions 
in the equation being considered in terms of one trigo- 
nometric function. 


If x,, 2, .. .; Lm are roots of the polynomial F, that 
is, 
F (x,) = 0, F (xz) = 0, ..., F (fm) = 9, 


then the transformed equation (3.4) decomposes into m 
simple equations 


fHO=x4, fQ=2, ...,/() =2m. 


For instance, if the original equation has the form 
G (sin ¢, cos t) = 0, 


where G (z, y) is a polynomial of two variables z and y, 
then the given equation can be reduced to an algebraic 
equation with the aid of the universal substitution for- 
mulas by getting rid of the denominators during the pgocess 
of transformation. As it was stressed in Sec. 3.1, such a 
reduction requires control over the invertibility of all 
the transformations carried out, and in case of violation 
of invertibility a check is required. 
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Example 3.2.1. Solve the equation 
cos 2t — 5sint — 3 = 0. 


<q@By formula (2.39), we have 1 — 2 sin? ¢ — dSsint — 
3 = 0, or 


2sin?i+ 5sint+2=0. 


We set x = sint; then the original equation takes the 
form of an algebraic equation: 


2n° + 52 +2 = 0. 


Solving this equation we get x, = —1/2, z, = —2. All 
the transformations carried out are invertible, therefore 
the original equation is decomposed into two simple 
equations: 

sin t == —+ and sint=2. 
The second equation has no solutions since | sint |< 1, 
therefore we take sin t = —1/2, that is, 


t=(—41)""+-4+an, neZ. pb 
Example 3.2.2. Solve the equation 
It 
tan z-+ tan (++ x) ee 


<q@By formula (2.13) for the tangent of the sum of two 
angles, we have: 


a 
fan ci x)= tan 4 tan « _ i+tanz 
( 4 a = nf ~ 4—tane’ 
{—tan 7 tan zx 


1jtanz . = , 
toi = 4 Setting y=tanz, we 


get an algebraic equation: 


‘Hence, tan z+ 


. RTE We fs: 
y+ 4—y = =Z. 


or 
yi—y+ity=-2(—y), y= V3, 
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consequently, tanz = +Y3, that is, 


bab tan, ne Z. 


Both series of solutions belong to the domain of permis- 
sible values of the original equation which was not re- 
duced under transformation. 

Example 3.2.3. Solve the equation 


(4 — tan z) (1 + sin 2x) = 1 + tan x — cos 2z. 


qNote that the numbers zx = < + nk, k € Z, are not 


solutions of the given equation, therefore we may con- 
sider the given equation on a smaller domain of per- 


missible values specified by the condition x =< > +- mk, 


k € Z, and use the universal substitution formulas (2.42) 
and (2.43) which are reversible transformations in the 
given domain: 


2tanz 4—tan? xr 
Cos 2x == 


sin 2 = 1+tan?xs ’ 1-+tan? x ° 


We set y = tan x, then the given equation is reduced to 
an algebraic one: 
Since 1 + y*?=40, this equation is equivalent to 
Q—-yt@t+tytaw=t+ydty—-ity, 
whence, by successive invertible transformations, we get: 
d—-yd+y =8+y)0 +¥Y)+U-HYNGst 4), 
t—ydty? =t4+yt+y¥+y—4), 
d—y d+ yP= a + yy, 
(1+ y)? (1 — 2y) =0. 


The roots of the obtained equation are: y, = —1 and 
Ya= 1/2. Consequently, the original equation is broken 
into two simple equations: tan z =:—1 and tan x = 1/2 


in the sense that the set of sulutions of the original equa- 
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tion is a union of the sets of solutions of the obtained 
equations, and we get 

L == -> + Hn, x= arctan + tan, nC“. p> 

Example 3.2.4. Solve the equation 

2 sin 4z + 16 sin? x cos « + 3cos 2x — 5 = 

qNote that, by, virtue of formulas (2.36) and (2.38), 
2 sin 4x = 8 sin x cos & Cos 22 
= 8 sin x cos x — 16 sin? x cos gz, 

and the equation takes the form 


8 sin zc cos x + 3cos 2c — 5 = 0, 


or 
4 sin 2x -+ 3cos 2x = 5. (3.5) 
Let us make use of the universal substitution formula 
ainogsa oS ... coe 
~ A+tants ’ ~ 4-+ tan? z 


and designate y = tan z. Then the equation is trans- 
formed into an = one: 


3—3y? 
set Tee = 5 


or Sy +3 — dy? = a + dy*, whence 
1 
y—y+z=0. 
Consequently, y = 1/2 or tanz = 1/2, whence zx = 


arctan > + un, n€ Z. It remains to check that no roots 


are lost during the process of solution. Indeed, only those 
x’s might be lost for which tan x has no sense, that is, 


t= 5 + uk, k€ Z. Substituting these values into the 


left-hand side of (3.5), which is equivalent to the origi- 
nal one, we get 


4 sin (x + 20k) + 3 cos (mn + 2nk) = —3. 


Consequently, besides zx = arctan = +n, n€Z, the 
equation has no other roots. » 
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2. Other Methods of Reducing Trigonometric Equations 
to Several Simple Equations. Basically, we mean here 
application of the formulas for transforming the sum or 
difference of trigonometric functions into a product (see 
Sec. 2.1, [tem 6). However, it is often necessary first to 
carry out additional identical transformations. In parti- 
cular, the left-hand sides of formulas (2.17), (2.18), (2.21), 
(2.22), (2.25), (2.26) contain the basic trigonometric 
functions (in the first power), therefore to use them, it is, 
for instance, useful to apply formulas (2.40), (2.41) which 
reduce the power of trigonometric functions in the given 
expression. 

Example 3.2.5. Solve the equation 


sin? xz + cos? 3z = 1. 
q Applying identities (2.40) and (2.41), we get 
4 1 1 1 
zy c082r+ 5+ = cos bz = ; 
or > (cos 6 — cos 2x) = 0, whence, by virtue of iden- 
tity (2.22) we get 
—sin 4x sin 2x = 0. 
The original equation has been broken into two equa- 
tions: 
sin 4x = 0 and = sin 2r = 0. 


Note that the solutions of the equation sin 2x = 0 (x = 
nk/2, k € Z) are solutions of the equation sin 4x = 0 
(since sin 4 (ak/2) = sin 2nk = 0, k € Z), therefore it 
suffices to find the roots of the equation sin 4x = 0. Cone 
sequently, 47% = an or: 
x=nnl4, n€Z. p> 
Example 3.2.6. Solve the equation 
sin z + sin 2x + 2sin zsin 2x = 2 cosx + cos 2z. 


@By virtue of identity (2.29) for the product of sines, 
we have 


sin x + sin 22 + cos x — cos 3x = 2 cos x + cos 22, 


92 3. Trigonometric Equations and Systems 


or 
sin z + sin 2x — cos xc — cos 2x — cos 3e = 0. 


= 


sin 2 4- sin 2x — (cos x 4- cos 3x) — cos 24 = 
Applying formulas (2.21) and (2.36), we get 
sin xc + 2 sin x cos x — 2 cos 2x cos x — cos 2a = 0, 
or 
sin z (1 + 2 cos zx) — cos dz (1 + 2cos z) = 0, 
(sin x — cos 2z) (f -]- 2 cos z) = 0. 


Thus, the original equation has been decomposed into two 
equations: 


(14) 4+-2coszx=0 or cosx = —1/2, 
for which z = +m + 2nn, n € Z, 
(2) sin x — cos 2z = 0. 


By formula (2.39), we transform this equation to the 
form 


sin z — 1+ 2sin* z = 0 
and set y = sin z: 
2y7 -+y—i1=0. 


The quadratic equation thus obtained has two roots: 
y, = —1, y, = 1/2. In the first case 


sinzx=-—1, or r= —--+ 2nn, n€Z. 
‘In the second case 
sinz==1/2, that is, x= (— 1)" + tn, ned. 


Thus, the solutions of the original equalion are written 
in the form of three series 


n= 4 an, x == — + 2an, 


x= (—1)"— 4-01, ne. p> 
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Example 3.2.7. Solve the equation 


{ 1 
tan 22% + ——— - cotx+— , 
- sin x M u sin oz 
qTransform the given equation: 
sin 22 COS x 1 1 
a -{- Ta ee Q, 
C08 2x sin x sin wr sin Dz 
or 
sin 2zsinxz—cos2zcosz , sind¢r—sinz 2) 
—— Et ee 


sin xz cos 27 sin z sin dx 


Applying identities (2.1) and (2.18), we get 


— cos 3x aie 2cos3zrsin2r _ 
sin z COS 2x sin z sin 5z 


b 


or 


= fees es eG 


sin x CoS 22 sin bz L 


cos 3z (sin 5z—sin4z) _ 
sin z cos 22 sin 52 


q 


and, again by formula (2.18), 


ra 9x 
cos 3z-2 sin — cos — 
2 2 

sin z cos 22 sin dz 


= 0. 


Note that if sin z = O (i.e. c = an, n € Z), then also 
sin 52 = 0, and the equality sin z = 0 means that 
sin z = 0 (sin 2nn = 0, n€ Z). Consequently, the do- 
main of permissible values of the given equation can be 
specified by two conditions: 


cos 2x40 and sinoz 0, 


and on this domain the original equation is decomposed 
into two equations: 


(1) cos 32 = 0, 
(2) cos Sa2=0. 


Let us solve equation (1). We have 32 = + + an 


(n € Z), or x == +- a and we have to check whether 
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the constraints specifying the domain of permissible 
values are met. For n= 3k, k€Z, the expression 
cos (2 (= -|- =} = COS ee) takes on values equal to 
1/2, forn = 3k + 1, k € Z, values equal to —1/2, and for 
n= 84+ 2,k €Z, values equal to —1, that is, cos 2x 
Q for all these wales of =z. Further, for n = 6k or 


n=6k + 2, k€ Z, the expression sin (5( 25 )) = 


sin (= + an) takes on values equal to 1/2, for n = 6k 4- 
1,k € Z, values equal to1, forn = 6k 4+ 30rn = 6k + 9D, 
k € Z, values equal to —1/2, and for n = 6k + 4, k € Z, 
values equal to —1, that is, sin 52 = 0 for the indicated 
values of x, and all of them belong to the domain of 
permissible values. 


Consider now equation (2). We have: 


Sa=y + an, or z= + —, n€&, 


and check whether the constraints cos 2240 and 


sin 52 = O are met. Notethat the expression cos (2(= + 


. 2 ; 
=) takes on one of the following nine values: cos 7 


1 gg Ahn 1a 22m 26 1m 
Ep ie GS ese ar ae, eee, I a 5 
cos = none of them being zero. Similarly, we check to 


see that the expression sin (5(= —- =) does not vanish 
either for any integral values of n. Thus, we have found 
all the solutions of the original equation: x = = +. > 


It 


Be eh a n€Z. p> 
Example 3.2.8. Solve the equation 
2 cos dr + 3 cos x = 3 sin 4z. 


q Let us first note that if we apply twice formula (2.36) for 
the sine of a double angle, we shall get the identity sin 47 = 
2sin 2x cos 2x = 4sin rcosxcos 2x. Using this iden- 
tity and (2.54), we rewrite the given equation in the form 


Qo (4 cos? x — 3cos z) +- 3cos x = 12 sin zx cos x cos 22, 
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or 

cos x (20 cos?z — 15 -+ 3 — 12 sin 2 (1 — 2 sin®’x)) = O 

cos x (20 (1 — sin’x) —12 — 12 sin xz (1 — 2sin?z)) = 0 

cos x (20 — 20 sin? x — 12 — 12 sin x + 24 sin*z) = 0, 
0 


cos z (6 sin zx — 5sin®? zx —3sinz + 2) = 


’ 


cos x (6 sin? x (sin x — 1) + sin x (sin x — 1) 
— 2 (sin zr — 1)) = 0, 
cos x (sin x — 1) (6 sin? z + sin zr — 2) = 0. 
Thus, the given equation decomposes into the following 
three equations: 


(1) cosx=0, r= 


(2) sinz=1, zr=—-+2nn, n€Z 


(we see that the solutions of equation (2) are at the same 
time solutions of equation (1)), 
(3) 6 sin? x + sing — 2 = 0. 
Setting y = sin x we get an algebraic equation 
Gy? + y —2 = 0, 


whose roots are y, = —2/3 and y, = 1/2, and it remains 
to consider two cases: 


(a) sing = —<, x =: (— 1)"*! aresin San, n€Z, 
(b) sint= 5, g=(— 1)" +a, n€ Z. 


Thus, all the solutions of the original equation are 
described by the formulas 


t= > +an, x=(— 1)" arcsin a4 un, 


x= (—1)"— +2507, n€L. > 
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Example 3.2.9. Solve the equation 


cot 2a#+d3 tan dxr=2tang+t = 


<q Let us represent the given equation in the form 


2 
cot 2x -+ tan xz) +3 (tan 32 —tan 2) -= — 
( ais Na 3 { ) sin 4x 
and use the following identity: 
cos 2x sing 
ot 22+ tan «= ——=— +}. 
cot + ta sin 27 1 cos zx 
_ cos2rcosr-+sin2zsinx  cosx _ if 
_ sin 22 cos x - sgin2rcosxz  sin2zx ° 


whose domain of permissible values is specified by the 
condition sin 2x = QO, since in this case also cos x ~ 0. 
Applying this equality and formula (2.26) for the dif- 
ference of tangents, we get 
4 9 sin 22 _ 2 
sin 2x a cos3zrcosx sin 4x * 

The domain of permissible values for the given equation 
can be specified by the following two conditions: sin 4x 
O, that is, 2A mn/4, n€Z, and cos 3x «0, that is, 


x 4. a n€ Z. We transform the obtained equation 
on the given domain: 


9 sin 2x _ 2 4 
cos3zrcosz -— sin 4x sin2z2 ° 
sin 2x 4 4 
Ee ; 
cos 32 cos x sin 2x2 cos 2x sin 2z 
“ sin 22 1—cos 27 
) — SS >; 
cos 327 COS x sin 27 cos 2x 
Gsinxcosr 2 sin? x 
cos3zcosx 2sinxzcoszxcos2z ° 


Since sin r=40 and cosr=40), we have 


6 COs x 4 


cos3r .-—s- cos 22° 


Thus, in the domain of permissible values the original 
equation is equivalent to 


6} cos z cos 27 = cos 32, 
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and, by virtue of identity (2.54) for the cosine of a triple 
angle, we have 


6 cos x cos 2x = 4 cos? x — 3 cosa, 
whence 
6 cos 2z = 4 cos’ x — 3 (cos x # 0), 
6 cos 2x = 2 (1 + cos 2x) — 3, 
6 cos 2x = 2cos 2x — 1, 
4 cos 2x = —1, cos 2x = —1/4, 


whence +=-+ = arecos ( —=-) +n, n€Z. 


It is easy to check that the found values of z satisfy the 
conditions specifying the domain of permissible values 
in which all the transformations carried out were inver- 
tible. p>» 


Example 3.2.10. Solve the equation 
= + cos x + cos 2x + cos 3x + cos 4x = 0. 


<q Note that x = 2nn, n€Z, are not solutions of the 
given equation, therefore we may assume that xz ~ 2nn. 


Then sin > ~~ (), and the following equalities hold: 


cos x + cos 2x +. cos 3x-++ cos 4x 


4 ee ee ‘ 
= ——— (2cosxsin $+ 2cos 2x sin 


2 3in > 


YF 


2 


+2 cos 3x sin 5 +2 cos 4x sin = | 


eee ee me —sin — ce eee eee 
ee (si x T—SIN > + SIN > D 
2 sin —- 


ey | . 0 . 9 ee | 
+sin 5 z—sin > 2+sin > z—sin 5 x} 


2 Z 
ee 
_ { : 9 sin _ $10 5 x 4 
see Ta 5) ie ee a ° 
iar l ) 


7—-01644 
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Consequently, the original equation can be transformed to 
the form 


es, 

SIn Ty Zz 

a e. “9 

=Q or sin=z=—0, 

<5 2 

2 sin om 
LIvh } 5 ‘ : 
whence z= a CZ, provided x—~2nn which is 


equivalent to ae -2nn or k9n (nEZL). » 


3. Solving Trigonometric Equations Using the Proper- 
ties of Trigonometric Functions. Frequently, we have to 
deal with equations of the form f (t) = g (t), wliere f 
and g are some functions containing trigonometric ex pres- 
sions such that enable us to investigate the domains of 
values FE (f) and E (g) and to prove that these domains 
either do not intersect or have few points in common. In 
such cases, the solutions of the equation f (t) = g (t) 
should be sought for among such ¢’s which satisfy (sim- 
pler) equations f (¢) = a, g(t) = a, wherea isa real num- 
ber such thata€ £ (f) and a € £ (g), that is, a € E (f) 9 
E (g). 

Example 3.2.11. Solve the equation 


sin® 42 -+ cos* x = 2 sin 4z cos z. 
qLet us write the given equation in the form 
sin? 4¢ — 2 sin 4x cost + = —cos? z. 
Adding cos® x to both sides of the equation, we get 


sin? 4x — 2 sin 4x cos* x + cos® c = cos’ x — cos? x 


or 
(sin 4z — cos‘ xz)? = —cos* x (1 — cos® 2). 


The left-hand side of the equation is nonnegative, while 
the right-hand side is nonpositive (cos?z>0, 1 — 
cos® x > 0), consequently, the equality will be valid only 
when the following conditions are fulfilled simultane- 
ously: 


3.2. Methods of Solving Equations 99 
— cos? x (1 —cos® z) =0, 
(sin 4x — cos‘ x)* = 0. 


The first equation decomposes in to two: 
(1) cos? x = 0: or cos z = 0, 


whence r= -+mn, n€Z. The obtained values also 
satisfy the second equation since 


sin (4 (+ aun | = sin (2n + 4nn) = 0. 
(2) 1 —cos* x = 0 or cosz = 1, 


whence x = an, n€ Z. Substituting these values of z 
into the second equation, we get (sin 4nn — cos‘ an)? = 0 
or (0 — 1)? =O which is wrong. 

Thus, the solution of the original equation consists 


of the numbers r= +mn, nes. p> 
Example 3.2.12. Solve the equation 
sin® x -++ cos§ x = p, 


where p is an arbitrary real number. 
q Note that 


sin® z+ cos? x 
= (sin? x + cos? z) (sin‘ x — sin? x cos* z + cos! z) 
= sin! x— sin? x cos? x -+- cos! x 
= (sin! z -+- 2 sin? x cos? x + cos! x) —3 sin? x cos? x 


= (sin? x + cos? x)? — + (2 sin x cos x)? 


a | — + sin? 22=1— + (1—cos 42) 


3 4) 
= 7 Cos 4x +- = ; 


and the given equation takes the form 


8p—9d 
3 e 


3 
= cos 4a =p or cos4z= 
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The equation has the solution z= + 7 arccos ep - - 


>) n€Z, for —1<(8p—5)/3<1 or 1/4 p<1. p 


Example 3.2.13. Solve the equation 


(cos 7 —2sin x) sin z+ (1-+sin — —2cosz} cos x = (). 


q Remove the parentheses and then use the fundamen- 
tal trigonometric identity and formula (2.11) for the sine 
of the sum of two numbers. We get 


cos sin x—2sin? x -+cos z+ sin > cos x—2 cos? z— 0, 
that is, 
sin (= - =} + cos x— 2 (sin? x + cos? x) = 0, 
or 


sin PF 4 cosa =2. 


Note that the sum in the left-hand side of the obtained 
equation will equal 2 only if sin * = 1 and cosz = 1 


simultaneously, that is, our equation is equivalent to the 
system of equations: 


sin Fe 1, 
cos x= 1, 
whence 
52 ALS 
— n€Z, 
x= 20k, k€Z, 


and the equality ake = 4. Zn must hold, whence 


k= aot an Since k€Z, we have n=om-+i1, mE€Z 


(since for the remaining integral n’s, that is, n = 5m, 
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n= 5m-+ 2, n=5m+ 3, n=5m-+ 4, it is obvious 
that k 4 Z), and then x = 2n + 8um, m€EZ, that is, 
x= 2n (4m + 1), mE€Z. 


o 


3.3. Solving Trigonometric Equations and Systems of 
Equations in Several Unknowns 


The presence of two or more unknowns involve certa- 
in difficulties in solving trigonometric equations and 
systems. The solution of such an equation or system is 
defined as a set of values of the variables which turn the 
given equation or each of the equations of a system into 
a true numerical equality. To solve a given equation or 
system is to find all such sets. Therefore, answering a 
problem of this type by giving the values taken on by 
each unknown is senseless. One of the difficulties en- 
countered in solving such problems is also that the set of 
solutions for these equations and systems, is, as a rule, 
infinite. Therefore, to write the answer in a correct way 
and to choose desired solutions, one has to consider dif- 
ferent cases, to check the validity of auxiliary inequali- 
ties, etc. In some cases, when solving systems of equa- 
tions we can eliminate one of the unknowns rather easily 
by expressing it in terms of other unknowns from one of 
the equations of the system. Another widely used method 
is to try to reduce a trigonometric system to a system of 
algebraic equations involving some trigonometric func- 
tions as new unknowns. As in solving trigonometric 
equations in one unknown, we can try to carry out iden- 
tical transformations to decompose one or more of 
the equations to the simple equations of the type 
sin (x + 2y) = —1, tan (x — y) = V3, and so forth. 

Example 3.3.1. Solve the system of equations 


| Y sin zcos y =0, 
2 sin? x— cos 2y—2=0. 


qt follows from the first equation that sin x> 0, two 
cases are possible here: if sin x = 0, then the equation 
turns into an identity, and if sin z> 0, then the equation 
implies that cos y = 0. Consequently, the system is equiv- 
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alent to the collection of two systems: 
sinz=0Q, 


2 sin? x— cos 2y —2=0 
and 
| cos y = 0, 


2sin?x—cos2y—2=0, sinz>0. 
The first system has no solutions (cos 2y -+ 2 0), 


while the second is equivalent to the system of two simple 
equations 


cos y= 0, 
sin c= Y 2/2. 


Consequently, the set of all solutions of the original sys- 
tem consists of pairs of numbers (z, y) of the kind 


((—1)*Z4nk, ZHal), k1eZ. p> 
Example 3.3.2. Solve the equation 


3+2cos(t—y) — 4y/Qa OTe we, EY sin? (z — y) 
at HV 8422-2 cos Sage gt ae 


q Using formula (2.40) for reducing the power of co- 
sine, we get 
3-+2 cos (x — y) 
2 


= 34 2e—e Teeny is ten) 
or 
{ — sin? (x —y) + (2—YV 3-4 2x— 2?) cos (x— y) 
+2—V34+2r—2?-=0, 
cos? (x — y) + (2— VW 3 + 22 — 2?) cos (x— yy) + 2 
—V3+22—22=-0. (3.6) 


Let us set ¢ = cos (x — y) and a = 2— V3 + 2r — 2?, 
then equation (3.6) can be rewritten as follows: 


?+at+a=Q0. 
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The given equality can be regarded as a quadratic equa- 
tion with respect to ¢ which has solutions only if its dis- 
criminant is nonnegative, hence, 


a®#—4a>0 or a(a— 4) >0, 
whence a <0 or a > 4. However, according to the in- 
troduced notation, a =2—YW34 2z SS 
V4 —(z —1)?, and therefore 0O=2—V4<a< 2. 
Consequently, a = 0, whence 2 — V4 —(x—1)? =0 


or « = 1. Then equation (3.6) takes the form cos? (1 — y) 
= 0 or cos (y — 1) = 0, whence 


y—1= +40, nE€ Z. 
Thus, all the solutions of the original equation are 


pairs of numbers (x, y) of the form (1, 1+5+ un} , 


n€Z. » 
Example 3.3.3. Solve the system of equations 


cot x-|- sin 2y = sin 2z, 
2sinysin (x+y) = cosz. 


q Using formula (2.29), we can represent the second 
equation as follows: 


cos x — cos (x -++ 2y) = cos z. 
Consequently, cos(x-+ 2y) =, whence x-+ 2y =>+5k, 
L == + -2y + nk, k€Z. Note that cot x == cot (+ —2y) ae 


tan 2y and sin 2x = sin (mn — 4y) = sin 4y. Therefore the 
substitution of « into the first equation yields: 


tan 2y + sin 2y = sin 4y, 
or 
sin 2y (1 + cos 2y — 2 cos* 2y) = 0, 


sin 2y (cos 2y — 1) (cos 2y ++) =0. 
The last equation decomposes into three equations: 


sin 2y = 0, cos 2y = 1 and cos 2y = —1/2. 
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From the equation sin2y--O we get y= — ; n€ Z, 


and therefore r= +n, LEZ. From the equation 
cos2y=1 we find 2y=2nn, y= nn, n€Z; hence, r= 
= —2nn+ nh = 4 nl, LEZ. We see that the set of 


solutions of the second equation belongs to the set 
of solutions of the first equation. Finally, from the 


equation cos 2y = ~+ it follows that 2y = + cl +21n, 
and therefore y:= + + an, n€Z; hence, raat 
Qn tmk = E+ 4 nl, L€Z. The final answer: 
(Fah 2), ($a tay ef tan), 
n, lEZ. » 
Example 3.3.4. Solve the system of equations 
|x| + _ 
{ sin a1 
— the second ey it follows directly that 


max? 


ae ~+2nk, that is, 22=14+4k, k€Z, whence [= 


en t,=V4k+1. By virtue of the first 
equation of the system, we have | x | < 3. Consequently, 
k may take on only the values 0, 1, 2. Thus, there are six 
values of z, namely: -+1, +Y5, +3. If z = +1, then 
ly | = 2, that is, y = +2; if c = +)Y5, then |y | = 
3 — V5, that is, y= +(3 — V 5); finally, if z = +8, 
then |y | = 0, that is, y = 0. 

Answer: (1, +2), (+5, +(3 — Y5)), (+3, 0), all 
combinations of sign being possible, that is, the system 
has ten solutions. p> 


Example 3.3.5. Find out for what values of a the 
system of equations 
sin x cos 2y = (a2 — 1)?+-1, 
cos zsin 2y=a-+1 
has a solution. Find all the solutions. 
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qSince the left-hand sides of the equations do not, 
obviously, exceed 1, the given system may have a solu- 
tion only for the a’s such that 


{ (@?—1P?+1<1, 
latt|<1. 


Solving the first inequality, we get a == --1, the second 
inequality being satisfied for a = —1. 

Thus, the original system of equations has a solution 
only for a = —1 and, consequently, takes the form 


sin xcos 2y = 1, 
cos x sin 2y=0. 


Adding and subtracting the equations of the system 
termwise, we get the system 


sin xcos 2y-+-cosz sin 2y= 1, 
sin x cos 2y —cos z sin 2y = 1, 


which is equivalent to the given system, whence (by for- 
mulas (2.11) and (2.12)) 


| sin (z+ 2y) =: 1, 
sin (xr —2y) = 1. 
Obviously, the last system yields an algebraic system 


z+ 2y=+ + 2nk, ke Z, 


x—2y = +2an, neZ. 


Solving this system, we get 


k—n 
ro (kn) n, po ; v:. 


Thus, (S4(k+n)x, = (k—n)}, k, n€Z, are all 


the solutions of the original system. > 
Example 3.3.6. Find all the solutions of the system 


lsinz| siny= —1/4, 
cos (x + y)+cos(z — y) = 3/2, 
such that O<ar<2n, n<y < 2n. 
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qConsider the case when sin z > 0, then, by hypothe- 
sis O<zxr< nn, and 

{sin z| sin y = sin z sin y= > (cos (x —y) —cos (x + y)). 
Then the system takes the form 


cos (x — y) — cos (x +- y) = —1/2, 
cos (x-+ y) + cos (x — y) = 3/2, 
whence 
cos (x — y) = 1/2, 
cos (x-+ y) = 1. 
By subtracting and adding the inequalities O0<(xr<n 


and m<y<( 2m we get —2n <x —~y<(O0 and n< 
x+y<3n. Thus, we have two systems of equations 


AL Ost 
I—y=—-z, t—y=——>, 
rty=2n, x+y=-2n, 
whose solutions are (51/6, 7/6) and (x/6, 11/6), respec- 
tively. 
Similarly, if sin x << 0 we get 
cos (x — y) — cos (x + y) = 1/2, 
cos (x + y) + cos (x — y) = 3/2 
and m << x <i 2n, whence 
cos (x — y) = |, j F 
ae ee al eg a 
whence 
r—y-=-0, r—y =-0, 
gty=7T7n/3, r+y=1in/s. 
The solutions of these systems are (7n/6, 7/6) and 


(14/6, 11/6), respectively. Finally, the original system 
has the following solutions: 


(5n/6, 71/6), (x/6, 1127/6), 
(71/6, 7/6), (1102/6, 1142/6). D> 


and | 
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Example 3.3.7. Find all the values of @ for which the 
indicated system of equations has a solution: 


| [12 / cos cos YH 5 |—|12 / cos 7 | 
1 +[247/ cos 443 = =|11—/f sin *24—9 
2 (22+ (y—a))—1=2// a+ (y—ap—4, 


q@qThe left-hand side of the first equation has the form 


F ( )/ cos BY), where F(z) = |12z—95| — |12z—7| + 


\242+ 13]. Bearing in mind that z= V/ cos Y. => 0, 


we test the function F (z) for z > 0 using the method of 
intervals. For this purpose, it is necessary to mark on 
the number line all the points at which the expressions 
inside the modulus sign change sign and to consider our 
function separately on “each of the intervals thus obtained, 
thus getting rid of the modulus sign. Then, we get: 


4) O0<2z2< 5/12, F (x) = (5 — 122) + (122 — 7) 
-+- (242 -+ 13) = 11 + 242, 
= (12z — 5) + (122 — 7) 
+ (242 + 13) = 482 + 1, 
(3) 25> 7/42, F (2) = (122 — 5) — (122 — 7) 
+ (242 4+- 13) = 242 -+ 10. 
Thus, F(z) is an increasing function for z>>0, its 
least value being F(0)=11. The right-hand side 


of the first equation takes on values <c11 (since 


(2) 512<2< 7/2, F(z) 


V/ sin ai ee = 0} . Consequently, the first equa- 
tion of the original system is ahaa to the system 


COS a = 
sine 41-1 --0, 


3 
y= 2t-+1, 
x—2y—1= 30, 


or 
t, vE’dZ. (3.7) 
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Consider now the second equation of the original 


system. We substitute u= V 2+ (y—ap—, 


2 (wit)—1=2u or v—ut—7=0, whence u= 1/2, 


, and get 


4 
that is, a2 4 (y—a)®— = , or 
x? -+-(y—a)*=1. (3.8) 


Since x is an integer, only the cases x = +1, 7 = O are 
possible. Let us consider them separately. 
Case (a) c = —1. From system (3.7), it follows that 


2y = —dsv —2, y= 2t4+1, v, t€Z. 


Rewriting these equalities in the form 2 (y + 1) = —3dv, 
y + 1 = 2t+ 2, we conclude that y + 1 is divisible 
by 6. In addition, from (3.8) for x = —1 we have 
(y —a)*» =0, hence y= a = 6k —1, k EZ. 

Case (b) c = 1. Here again from (3.8) and (3.7): y = a, 
2y = —3v, y = 2t + 1 for some integers v and ¢, whence 
2(a—3) = —3(v+ 2), a—3=2(t—1). Hence, 
a — 3 is divisible by 6. In this case a = 6k -+- 3, k € Z. 

Case (c) x = O. Here, according to (3.8), (y — a)* = 1, 
y = a-7+41, and system (3.7) takes the form 

2y = —3v—1, y = 2t 4-1, or 
2(y—i=-s(v+1), y—1=2t, v, t€Z. 
Consequently, y — 1 is divisible by 6, and since a = 
y +1, we have a = 6k or a= 6k + 2, k EZ. Putting 
together all the results, we get the final answer: the sys- 
tem has a solution if a takes on the values 6k — 1, 6k, 
6k -- 2, 6 +3, KE Zp 

Example 3.3.8. Find all the solutions of the equation 
V2—Jy | (sin? zc — 6 sin « cos « — 9 cos? x + 333) 

= arcsin’ x -+ arccos? z — ont. 


q Let us prove that the left-hand side of the equation is 
always nonnegative, while the right-hand side is non- 
positive. Indeed, V2 —|y|>0. Now, we transform 
the expression in the parentheses: 

5 sin? « — 6 sin x cos xz — 9 cos? « + 3/33 
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= 6 sin? « — (sin? ¢ + 6 sin x cos x + 9 cos? z) + 37 33 
= 6 sin? z — (sin x + 3 cos 2)? + 3/33 
= 6 sin? x + 3/33 — 10 sin? (x + 9), 


where » = arcsin 3///10 by Theorem 2.2. We then note 
that 3)/33 > 10 (this is checked by cubing the positive 
right-hand and left-hand sides) and also that 10 sin? (2 4- 
() < 10, therefore the expression in the parentheses is 
always positive, that is, the left-hand side of the equation 
is nonnegative and vanishes only in the case / 2 — | y |= 
0, that is, y = +2. 
As to- the right- hand side, we use the identity 


arcsin z + arccos z = 2/2. 


(18 we rewrite this identity in the form arccosz= 


= —aresin 2, then its validity follows from the fact 


that cos ( —arcsin x) = Sin(arcsinz) = x and_ that 


= —aresin x€ (0, mj, that is, belongs to the range of 


values of arc cosine since r€[—2/2, n/2].) Let us set 
t=—arcsinz. Then the right-hand side of the equation 
takes the form ??+ +t ‘3 = 21% — nt — n?, 
where ¢ € [—x/2, n/2]. The greatest value of this quadra- 
tic function is attained at the end point t = —wz/2 of the 
closed interval [—x/2, n/2] and equals zero: 2 (—x/2)? — 
mn (—mn/2) — xn? = 0. Thus, the right-hand side of the 
original equation is nonpositive and vanishes for 
arcsin z = —mx/2, that is, for x = —41. 

Consequently, the equation has two solutions: (—1, —2) 
and (—1, 2). >» 

PROBLEMS 


In Problems 3.1 to 3.36, solve equations. 
3.1. sin (+22) cot 3z-+ sin (1 +22) — V 2 cos or=(). 


3.2. sin xcos 2x -+-cos xcos 4x = sin (+ +2) 


< sin (= —32] ; 
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° x F £ 
3d.d. Sin 2x = cos4 iia sin! a 


3.4. (1-+ cos 4z) sin 2x = cos? 2z. 

3.5. sin? 22 + sin? 3z + sin? 42 + sin? 5z = 2. 

3.6. sin 2x sin 62 — cos 2x cos Gx = Y 2 sin 3z cos 872. 
3.7. sin 3x cos 3a = sin 272. 

3.8. cos 2x — 5sinz — 3 = 0. 

3.9. 3 sin 2x7 + 2 cos 2x = 3. 


3 1 2 
3.10. cot (> — x) + cot? z+ - mm - =0. 
3.41. 6 sin? x + sin x cos x — cos? x = 2. 


3.12. cos 7z + sin 8x = cos 3x — sin 22. 
3.13. sin? z — 2 sin x cos xz = 3 cos? z. 
3.14. cos Sz + cos 7x = cos (mn + 62). 


3.15. 4 sin xcos (+ — x) +4 sin (1+ 2) cos x 


+2 sin (= — x) cos (1% -++- 2) = 1. 


3.16. sin z — sin 2x + sin 52 + sin 82 = 0. 
3.17. 2 sin z — cos z = 2/5. 


3.18. cos (++ 5a] + sin r=2 cos 32. 
‘ nm x 1 
3.19. (1-++ sin z) tan (+-$) = 
3.20. cos x — V3 sin x = cos 3z. 
3.21. sin 2z 4- 5 (sin z 4+- cosz) + 4 = 0. 


3.22. sin3 2t-+ cos? 2t +5 sin 4t== 4. 


3.23. tan z tan 22 = tan z + tan 2z. 


sin? z-+ cos? z 
3.94, Sindz-rcos* ¢ 


: = cos 22. 
2Cos £--SiN x 


395, alas cot ¢ —(), 


sin? t sin? 4t 
3.26. tant x = 36 cos? 2z. 
3.27. cot x — tan z — 2 tan 27 — 4 tan 4z + 8 = 0. 
3.28. 4 sin? x cos 3z + 4 cos® x sin 3z = 3 sin 2x. 


3.29. 2coszsin® (- 2 — 5 sin” z cos? z 


+ sin zcos? ($+ z) = C08 22. 
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3.30. sin 2x sin 62 c08 42% -- > cos 127 = 0. 
3.31. cos® «2 + sint’ x = 1. 

3.32. log.osx Sin x = 1. 

3.33. cot (sin x) = 1. 

3.34. tan 52 — 2 tan 32 = tan 5z tan? 3z. 


; COS 2x 
3.00. cotz—1= ‘tne 


3.36. cos? 3x + cos? x = cos 3x cos! x. 
3.37. Find all the solutions of the equation 
1-+ cos z+ cos 2x + sin x + sin 2x + sin 3z, 


which satisfy the condition + <|3e—F]<a, 


3.38, Find all the solutions of the equation 
2— V3 cos 2x + sin 2x = 4 cos? 32, 


which satisfy the inequality cos (22— =} >0. 
3.39. Solve the equation 


1—4cos?4xr_ qt 
—_——_——_.—— = cos (2x——}. 
2st G 
8 cos at — 


3.40. Find all the solutions of the equation 
2-+cos> a+yY3sin Spa hae 
2 : 2 4? 


satisfying the condition sin ( 5 ++} > 0. 


3.41. Show that the equation 


cot 27+ cot Se ee or = () 


sin z Sin 22 sin 32x 


has no roots. ‘ 
3.42, Find all the solutions of the equation 


4 (3V Sew sin? (22) + 2008 (x+y) 
= 13+ 4cos? (z+ y) 


in two unknowns x and y. 
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3.43. Find all the solutions of the equation 
V 22—4 (3sin? z+ 10sin xcos z+ 11 cos? x —2 y/ 301) 
= on? — 4 arecsin? y—4 arccos? y. 
In Problems 3.44 to 3.50, solve the given systems of 
equations. 
cos z Y cos 22 = 0, 
a 
2 sin” + --cos (2y—-} =O. 


3.44, 
rt+y=n/6, 
| O (sin 2x -+ sin 2y) == 2 (1 -+ cos* (x — y)). 
£—y =on/3, 
A sinzg-==2siny. 
sin xzcos y = 1/4, 
| sin ycos x = 3/4. 
r—y= — 1/3, 
| cos? nx — sin? nx = 1/2. 
x -|-y-» 1/4, 
+ tan z tan y == 1/6. 


a V2sin ie oy 
V 2cos x= V 3cosy. 


3.01. Find all the values of a for which the system of 
equations 


6 V/ cos #—5|—|1-6 / cos 
+[12 7 cos 22 H+t|= saint 20222, 


| 10-9 (2+ (y—a)?= BY 22+ (y—ay?— 


has a solution. 


Chapter 4 


Investigating Trigonometric Functions 


4.1. Graphs of Basic Trigonometric Functions 


To construct graphs of functions, one must know how to 
use all basic properties of these functions, such as peri- 
odicity, evenness or oddness, increase or decrease of a 
function on an interval, as well as the arrangement of 
points of extremum. However, constructing the graph of 
a function cannot be a substitute for a rigorous proof of 
the properties of the function. Nevertheless, a graph 
illustrates vividly the properties of a function. At an 
examination the student is usually asked to construct 
graphs of functions composed of elementary functions, 
and most often such a graph is constructed by translating 
or changing the graphs of elementary functions. 

This section deals with the construction of graphs of 
basic trigonometric functions using the properties of 
these functions which were considered in Chapter 1. Using 
the formulas introduced in Chapter 2, it is possible to 
construct similar graphs for many other trigonometric 
functions. 

First of all, let us recall that the graph of a function f 
with domain D (f) is defined as a set of points on the 
coordinate plane with coordinates (z, y) such that y = 
f (z). This definition should be always referred to when 
proving the properties of graphs of functions and when 
considering operations with graphs. 

1. Properties and Graph of the Function f (x) = sin z. 

(1) The domain of definition D (f) = R, the range of 
values F (f) = [—41, 4]. 

(2) sin x is a periodic function. Any number of the 
form 2nk, k € Z, is a period of this function, 2n being 
its fundamental period (see Sec. 1.3, Item 1). Consequent- 
ly, when constructing the graph we can first confine our- 
selves to the construction of it for the closed interval 


8—01644 
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[—an, m] of length 2n, and then translate this section by 
2nk, k € Z, along the z-axis. This is because all points 
of the form (a +- 2k, sin 2) = (a -+ 2mk, sin (x -| 2ak)) 
have the same values as the value of the point (z, sin z) 
on the graph. 

(3) sin x is an odd function, therefore its graph is sym- 
metric with respect to the origin. Indeed, for any point 
(xz, sin x) of the graph the point (—z, —sin x) = (—z, 
sin (—zx)), which is obtained by the application of cen- 
tral symmetry to the point (z, sin z), also lies on this 
graph (see Sec. 1.3, Item 2). Consequently, to construct 
the graph of the function on [—a, a], it suffices to con- 
struct it on [0, mJ], and then to map it central-symmetri- 
cally with respect to the origin. 

(4) On the interval [0, x] the graph has two points 
(0, 0) and (x, 0) in common with the z-axis. In general, 
the equality sin z = 0 is equivalent to that + = xk, 
k € Z. 

(5) The function sin z increases on the interval [0, 
m/2] and decreases on [n/2, mn], this means that if 0< 
ry <2, < n/2, then sin x, << sin x,, and if 1/2 < 
Ly < 2%, < a, then sin z, > sin z, (see Sec. 1.3, Item 3). 
Hence it follows that (m/2, 1) is a point of maximum of 
the function sin z. 

The graph of the function sin z is constructed now in 
several steps. Firstly, we construct the graph on the in- 
terval [0, x]. This can be done by compiling a table of 
values of the function sin x for some points of the inter- 
val [0, x], for instance, 


yo | S] 2] ©] © | 2t | 8 | om 
(2) 6 i 3 9 3 J 6 n 
sie ech: 0 a V2}V3/ , |V3|V2| 1 |] g 
2 2 2 2 2 


and, on plotting on the coordinate plane points of the 
form (z, sin x), where x are numbers from the table, we 
join these points with a smooth line. By mapping cen- 
tral-symmetrically the constructed section of the graph 
with respect to the point 0 and then applying a series 
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of trauslations along the z-axis by 2ak, k € Z, we get the 
graph of the function sin « which is called the sinusoid 
or sine curve (Fig. 24). 

Another method of construction of the graph which 
does not require the computation of individual values of 
the function sin z consists in using the trigonometric 
circle. For this purpose, we mark the interval [0, 2/2] 


on the z-axis and on the same drawing construct a circle 
of unit radius centred on the extension of the z-axis. To 
construct the graph of the function sin z, we shall “un- 
wind” the circle on the number line marking the ordi- 
nates of points P; corresponding to real numbers ¢. To 
construct sufficiently many points belonging to the graph, 
we may bisect the interval [0, 1/2] and the subintervals 
thus obtained, as well as the corresponding arcs on the 
trigonometric circle. Note that after marking the point 
x = m/2 on the z-axis, all further constructions are car- 
ried out with the aid of a pair of compasses and a ruler 
(Fig. 25). 

Note that the function sin z aaa from —1 to 4 on 


any interval of the form | - 4+. Ink, = + ank |, k € Z, 
and decreases oon 1 to —1 on any interval of the form 
E + 2k, a 1 ank |, k €Z. The maximal value 


sing = 1 is attained at points z = a + ank, k € Z, 
while the minimal value sinz = —1 at points z= 
—F + 2nk, k EZ. 


Se 
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2. Properties and Graph of the Function f (x) = cos z. 
The graph of cos x is best of all constructed by usiug the 
identity sin (zx + 5) = cos x (the reduction formu- 
la (2.28)). It follows from this identity that the graph of 


the function cos z is obtained from the graph of the func- 
tion sin z by translating the latter leftwards along the 


x-axis by 1/2. Indeed, for es point (x, sin x) of the 


graph of sin x the point (2 — > sin r} lies on the graph 
of cos x, since cos (7#-F) = sin (x —> i >) = SIN Z. 


The converse is also true: for any pom (x, cos x) of the 
graph of cosz, the point (2 + +, cos x | lies on the 


graph of sin x since sin (x -{ a). == COS 7: 


Practically, it is more convenient first to construct the 
sine curve y = sin z, and then to translate the y-axis to 
the right by 1/2 (see Fig. 26, where the old y-axis is drawn 
in a dashed line and the new axis in a continuous line). 

Consider the properties of the function cos z = f (2). 

(1) Df) =R, E (f) = [-4, 1]. 

(2) cos x is a periodic function. Any number of the 
form 2xk is a period of the function (k € Z), 2n being its 
fundamental period (see Sec. 1.3, Item 1). 

(3) cos z is an even function, and its graph is symmetric 
about the axis of ordinates: if a point (z, cos z) lies on 
the graph of cos z, then the point (—z, cos z) = (—z, 
cos (—z)) also lies on this graph. 
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(4) cos x ==0 for r= + ak, KEL. 


(5) cos x decreases from 1 to —1 on any interval of the 
form [2nk, mn +- 2nk], k € Z, and increases from —1 to 1 
on any interval of the form [—x + 2k, 2nk]. For x = 
nm -+ 2nk, k € Z, the function cos x takes on the minimal 


value —1, while for + = 2mk, k € Z, the maximal 
value 1. 

Example 4.1.1. Find the least and greatest values of 
the function f (z) = sin (cos (sin z)) on the closed inter- 
val [m/2, x]. 
qLlet n/2 <24,< 2,< 0, then 0 <sinz, <sinxa, < 
1, and the points P.., x,, Psin x, lie in the first quadrant 
since 1 < 1/2. Since the function cos x decreases on the 
interval [0, 2/2], we have 


0 < cos (sin z,) << cos (sin z,) < 1. 


But the points Poo sin x) ANd Peos(sin x.) also lie in 
the first quadrant and the function sin z increases on 
the interval [0, 1/2], therefore 


0 < sin (cos (sin z,)) << sin (cos (sin z,)) < 1, 


that is, the function f (x) = sin (cos (sin z)) is increasing 
on the interval [n/2, x], consequently, the minimal value 
of f (x) on this interval is equal to f (x/2) = sin (cos 1), 
while the maximal value tof (1) = sin (cos 0) = sin 1.» 

Example 4.1.2. Compare the numbers sin (cos 1) and 
cos (sin 1). 
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qAccording to the reduction formula (2.7), cos (sin 1) = 


sin (-—sin 1 , and it suffices to compare the num- 
bers cosi and + —sint from the interval [0, 2/2] 


(by virtue of the monotonicity of the function sin z on 
this interval). Note that 


cosi-sini=Y2sin (1 -+- =) : 
consequently, the inequality 


cositsint< V2<2n/2 


is true, whence, since the a aceiea sin z increases on the 
interval [0, x/2], we have 
sin (cos 1) << sin (+— sin 1} =cos(sin1). » 


3. Properties and Graph of the Function f (x) = tan z. 
(1) The domian of definition is the set of real numbers 


except for the numbers . the form > +mnk, k € Z, the 


range of values E (f) = 

(2) tanz is a ei function. Any number of the 
form mk, k € Z, may be a period of tan z, x being its 
fundamental period (see Sec. 1.3, Item 1). 

(3) tan z is an odd function, and, consequently, its 
graph is symmetric with respect to the origin (see Sec.1.3, 
Item 2). 

(4) tanz = 0 for r= nk, k EZ. 


(5) On any interval of the form ( _ a+ wk, ++ mu | 


k € Z, the function tan z increases from —oo to -+oo. 
The graph y = tan z (tangent curve) can also be con- 
structed using a table of values, for instance, 


ete 


a 
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Y 


Fig. 27 


which was compiled only for the values z € [0, n/2) by 
virtue of Properties (2) and (3) (Fig. 27). 

Another method of constructing the graph (with the aid 
of the trigonometric circle and the line of tangents) 
makes it possible to plot arbitrarily many points for the 
tangent curve without computing individual values of 
the function tan z (Fig. 28). 

Example 4.1.3. Find the greatest and least values of 
the function tan (cosz) on the interval [x/2, a). 


qlet a/2< 4<2, <n, _ then —>< —1< 


COS Z, <cosz, <0, since the function cos x decreases 
from 0 to —1 on the interval [n/2, a]. Therefore the 
points Progx, and Prosx, lie in the fourth quadrant, and 


—tan 1 < tan (cos z,) < tan (cos x,) < 0, 


since tan x increases in the fourth quadrant. Consequently, 
the function f (x) = tan (cos x) decreases on the interval 
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eee ee eee 


SIS 


Fig. 28 


[x/2, x], its greatest value is f (n/2) = tan (0) = 0, the 
least value being f (x) = tan (—1) = —tan1. > 

4. The Graph of Harmonic Oscillations. Harmonic 
oscillations are defined as rectilinear motions of a point 
governed by the rule s = A sin (wt + a), where A > 0, 
w > 0, and t denotes the time coordinate. Consider the 
method of constructing graphs of such oscillations. 

Example 4.1.4. Construct the graph of the function 
f (x) = sin 4z. 
qWe first represent the graph of the function sin x. If 
the point M (a, b) lies on this graph, that is, b = sina, 
then the point N (a/4, b) lies on the graph of the function 
f (x) = sin 4x since b = sin (4-4). Thus, if we take 
a point on the graph of sin x, then a point having the 
same ordinate and whose abscissa equals one-fourth of the 
abscissa of that point will lie on the graph of the function 
sin 4x2. Consequently, the graph of sin 4z is obtained from 
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the graph of sin x by contracting the latter along the axis 
of abscissas four-fold (Fig. 29). 

To construct the graph of the function y = sin 4, -it 
suffices to do the following. From the equation sin 4zr = 0 
we find the points of intersection of the graph with the 


z-axis: x= nk/4, k € Z. Further, sin4z =1 for z= 
a4 REZ, and sin4z = —1 for c= os 


k €Z. In addition, the fundamental period of the func- 
tion f (z) = sin 4z is equal to m/2: 


f (z+) =sin (4 (x + +) ) =sin (de + 2) = f (2) 


(see Sec. 1.3, Item 1). Now we can construct the graph: 
mark the points (0, 0), (m/4, 0), (1/2, 0) and also (1/8, 1), 
(38n/8, —1), join them with a curve resembling the sine 
curve (on the interval [0, m/2]), and then apply transla- 
tions along the axis of abscissas, the origin going into the 
points of the form (mk/2, 0). p> 

In the same way, we can construct the graph of any 
function of the form sin wz, where w > 0. To this effect, 
we have to draw the graph of the function sin z and 
then to contract it w times along the axis of abscissas, 
that is, to replace each point M (a, 6) of this graph by 
the point NV (aw, b). The following is of importance: if 
O<@< 1, then, instead of contracting, the graph is 
stretched 1/w times: the points will move away from the 
axis of ordinates. 

It is not difficult now to construct the graph of any 
function of the form A sin (wz + a), A > 0. Using the 
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equality Asin (wx + a) =A sin (o(< +<)), we are 
able to construct a graph in several steps. 


(1) Construct the graph of the function sin wx using 
the method described above. 


(2) The graph of the function sin (o(2 -+|- =) jis ob- 


tained from the graph of the function sin wz by translat- 
ing the latter along the axis of abscissas by —a/o. In- 
deed, for every point (z, sin wz) of the graph of sin wz 


the point (x —<, sin oz) lies on the graph of the 
function sin (o(2 + =| iF since sin (o(z —= + = | = 


sin wz. Usually, the graph of the function sin wz is 
constructed in a simpler way, the line z = a/w being 
taken for the new axis of ordinates. 


(3) To obtain the graph of the function sin( w(x +2) 
from the graph of the function A sin (w(2 7 =.) | it re- 


mains to multiply the ordinate of each point of the 
graph by A, that is, to stretch this graph A times along 
the axis of ordinates (if 0< A <1, then, instead of 
being stretched, the graph is contracted 1/A times). 

In practice, we may proceed as follows: to find the 
points of intersection of the graph of the function 
A sin (wz + a) with the axis of abscissas by solving the 
equation sin (wz + a) = 0, and, from the equations 
sin (wx + a) = 1 and sin (wz + a) = —1, to find the 
points of extremum of the function A sin (wz + a) (at the 
points of maximum the function takes on the value A, 
at the points of minimum the value —A); then join the 
found points to obtain a curve of sinusoid type. Note 
that the function y = A sin (wx + a) is periodic with 


the fundamental period 2x/m since A sin (o(2 ap =) E 


a) = Asin (ox + a+ 2n) = A sin (wx + @). 
Example 4.1.5. Construct the graph of the function 
xt 6 


A sin (32 etree I 
qThe fundamental period of the function is 21/3. Find 
the points of intersection of this graph with the axis of 
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abscissas: sin (3x — >} = 0, that is, 3x —2 = nk, 


2 2 
ke€Z, or r= = + a, k € Z. Further, — the 
equation sit ( 3 — | = 1, we get 3x2 — 5 = 5 + 2nk, 
Y 
4 
y=4sin(3x-F ) 


Fig. 30 


that is, = sheee ont k € Z. At these points |e func- 


tion takes on a maximal value equal to 4) 


equation sin ( 32 = +] ee Cy eee 


Qnk, that is, x = x, k €Z. At these p/ / 
= 
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tion 4 sin ( 3x — =] takes on the ininimal value equal 


to —4. Mark the found points on the coordinate plane 
and join them with a smooth line to get the required 
graph (Fig. 30). p> 

Example 4.1.6. Graph the function sin 2x + Y 3cos 2z. 
qThe most convenient technique here is to reduce this 


Wa 
6 12 


v 23 


y=sin2x+Vd cos2x 


4 


Fig. 31 


function to the function A sin (wx -++ a) using the meth- 
od of introducing an auxiliary angle (see Theorem 2.2): 


sin 2x-+Y 3cos2zr=2 (= sin 27 +- oe cos 22] 


= 2sin (27+) 


The fundamental period of this function is 7. 
(1) The points of intersection of the graph with the 
axis of abscissas: 


; ; k 

sin (22 ++) =0, that is, ga a, keZ. 
(2) The points of maximum of the function: 

sin (2¢-+)=1, that is, z= = tak, ke &, 


therefore the points of the form (45 + ak, 2} , KEL, 
lie on the graph of the function. 
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(3) The points of minimum of the function: 


sin (2e4+5)=—1, that is, r= — 2 4nk, keZ, 


therefore the points (— 45 +ak, —2), k €Z, lie on 


the graph. - 
The graph of the function y = sin 2x + 3 cos 2z is 
shown in Fig. 31. p> 


Fig. 32 


Example 4.1.7. Graph the function 
3), . 
f(z) = sin 22+ 2e0s2./ 


Using Theorem 2.2, we get f(xy 
: 


Where  — arcsin = O0<g<n/2. 

qualities are valid: / 2/2<4/5< Sa 

the function sinz increases 07 oy x S 

we get 2/4< arcsin es rll mus ~~ SSuere 
Note that the fundamen’ ee 


equals x. yf SSxi|_<e. 
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(1) The points of intersection of the graph with the 
axis of abscissas: 


sin (22-+@)==0, that is, 2=—*%4™) kez. 
(2) The points of maximum of the function: 
sin(2z+q)=1, that is, pom Sy th, kEZ. 
(3) The points of minimum of the function: 


sin (2x —q) == —1, that is, == —=—$+ th, keZ. 


With the aid of these points we construct the required 
graph as in the preceding example (Fig. 32). » 


4.2, Computing Limits 


The theory of limits underlies the important notions of 
the continuity and differentiability of a function and 
the finding of derivatives and integrals. We confine 
ourselves to solving problems on finding limits at certain 
points of functions represented: by trigonometric expres- 
sions. To solve these problems, one should know well the 
definition of the limit of a function at a point a € R, ba- 
sic properties of limits (the limit of a sum, product, and 
ratio, as well as Theorem 4.2 on the first remarkable 
limit. 

Definition. Let a function f (x) be defined on the set 
D (f) < R, and let a point a be such that any of its 
neighbourhoods contains infinitely many points of D (f) 
(an accumulation or limit point of the set D (f)). Then 
the number b is said to be the limit of the function f(x) at 
the point a if for any positive number e there is a posi- 
tive number 6, dependent on ¢, such that for any point 
x €D (f) satisfying the condition 0 << |r—a|< 6 
there holds the inequality | f (x) — b |< «. Written: 

b== lim f (2). 
xara 

Definition. A function f (x) is said to be continuous at a 
point a €D (f) iflim f (2) =f (a). 


xa 


A function is continuous on a set X & D (f) if it is con- 
tinuous at each point of this set. The sum, difference, and 
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product of two functions continuous on one and the same 
set are also continuous on this set. If the denominator of 
a fraction does not vanish on a set, then the quotient of 
two functions continuous on this set is also continuous. 

The following statement plays a key role in testing 
trigonometric functions for continuity and computing 
various limits: 

For allreal numbers x, satisfying the condition0O< |xr|< 
m/2, there hold the inequalities 


lsinag [|< |xz|< | tang |. (4.1) 


The proof will be given later on (see Example 5.1.1), 
and now we are going to deduce the continuity of basic 
trigonometric functions. 

Theorem 4.1. The functions sin z, cos x, tan z, cotz 
are continuous in the domains of their definition. 

Proof. Let us prove, for instance, that cosine is contin- 
uous throughout the number line, that is, show that 
for any z,€R « 


lim cos % = COS Zp. 


x >XO 
Indeed, 
° Ig-- at : i 
|cos z— cos 79| =| 2 sin —*,— sin ot 
2 2 
Ig—TF io age 
= Sin sin -=#s— 
2 | i 5 } i 5 
Wi — 
<2|sin “5 | 
| Ig 


Therefore, setting 6 = e, for any e >0O for O< jr — 
Zo |< 6 we have 


|cosz —cosz,|< |r —2,|<e. 


The continuity of sine is proved in similar fashion 
and that of tangent and cotangent follows from the prop- 
erty of continuity of the quotient of two continuous 
functions. p> 
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Example 4.2.1. Find out whether the function 


ee ; 
xsin— if x0, ER. 
f(t) = . 
if x+=—90, 
is continuous on R. 
q For z ~ 0 the given function has the form of the prod- 
uct f, (z)-f, (x) of two functions f, (x) = zx and f, (x) = 


sin —. The function /f, (z) iscontinuous and the function 


[x(a = sin + can be represented in the form of the com- 
position 


fo (t) = fa fs (2) 
of the functionsf, (z) = +, x0, and f, (y) = sin y. By 


Theorem 4.1 the function f, (y) is continuous on R and 
the function f, (x) is continuous for x = O by virtue of the 
remark on the continuity of a fraction. Consequently, the 
function f, (xz) is continuous on the set {7 € R: x ~ 0}; it 
remains only to check whether it is continuous for z = O, 
that is, whether the equality 


lim z sin + eas 7 (0) 


x>0 
is fulfilled. 
For e > 0 weset 6 = e, then for 0 < |x| < 6 we have 


eo caias ak sf 
[zsin = 0 |= |x} | sin = |<|z] <e=8. > 


Recall that the 6-neighbourhood of a point a € R is 
defined as an interval of the form (a — 6, a + 4), where 
5 > 0. 

Example 4.2.2. Find out whether the function 


cA ; 
sin— if x«=40, ER, 


0 if «==, 
is continuous on R. 

Note that on the set {z € R: x ~ 0} the given function 
coincides with the function f, (x) from Example 4.2.1 
and therefore it is continuous on this set. Let us show 
that f (x) is not continuous (discontinuous) at the point 
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z, = 0, that is, that the equality 


: . 4 
lim sin — — 0 
x->0 x 


is violated. To this end, let us take ¢ = 1/2 and consider 
the sequence of points 


Me 


2 

maaan) WS 1s 2.3; 

which satisfy the condition f (x,) = 1. Then | f (z,) — 
f (0) | =1 > 1/2 = e, and any 6-neighbourhood of the 
point zx, = 0 contains infinitely many such points z,, 
that is, the condition of the continuity of the function at 
the point z, = 0 is violated. Thus, the function f (z) is 
discontinuous at the point z, = 0. (Similarly, we can 
show that no real number 0 is the limit of the function 


sin — at the point z, = 0.) > 
The computation of many limits is based on the fol- 


lowing theorem. 
Theorem 4.2 (on the first remarkable limit): 


lim S22 — 4 
x>o 7 , 

Proof. Let O<|z|<(n/2. Then the inequality 
(sinz| <<x< |tanz| holds (see Equation (4.1)). Divid- 
ing both pIuee of this inequality by |sinz|=40, we 


ie f <| 55 ane Tose] * we into account that 
sin x >0, cosx>0 for 0< |z1 <= , we have 1< 
ee eee sin ¢ 
Spe coer and, consequently, 41> ——~>cosz. 
Hence we get 

sin x 


Om i— < 1—coszx=cos0—cos x. 


Since cosine is a continuous function, for any e > 0, there 
is a 6 >O such that 


0<|0—2z|/< 8 =| cos0 —coszx]<e. 
9~01644 
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Therefore for the numbers x ~ 0, satisfying the inequali- 
ty O< |x |< 6, we have: 


sin x 
= 1— —-< cos0—cosz 


sin x 
ian 


= ee xl <e. 


This means that lim 22% —1. > 
x—> 0 
Example 4.2.3. Compute (a) um Dae (b) lis no ; 
tan 2x tan 22 
(c) lim ———., (d) lim— 3. 
eg x x>g Sindz 
2 4 
<4(a) ae sin 3x Soo 3° sin 3z 
32x 
BOS oy he ete epee 
— 3 lim Sin 32 S20 33 
i 
3x0 3x 
(b) ] sin 52 ins ” 52 —5] sin 5z si 
x—>0 x—> 0 ag 5x > 0 ox 
(c) ] tan 2x Bo: au 22 : 4 
ese eae x cos 22 
=2lim S8*5 . lim —=2.1-1=2, 
2x—> 0 ~ 2x->0 COS ot 
‘ tan 2x 2 tan2z 32x 
nae oe eine 
Lai 2 sin 2z 4 4 
eae 3° Qc  cos2z  sin3z 
3x 
2 li sin 2x . 4 4 
——. lim - lim ——-. ————_.— 
3 on 59 20 9-49 COS 2 lim sin 3x 
3x—>0 32x 
2 4 2 
=agi-lep=a ep 
1—cos x 


Example 4.2.4. Compute lin ——- 
+0 
<@Note that, by virtue of formula (2.41), 


% x 
1—cosz=2 sin’? . 
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Consequently, by the property of the limit of a product, 


. ° SH 
; —_ 4 Sin 9 4 Sin 2” 
x» 0) x->() z oes: 
2 2 
sin 57 sin >" 
2 xj240 x/2>70 6 2 


: 2sin? z-+sin x—1 

Example 4.2.5. Compute beat Pinte enol © 
@qNote that for «= 2/6 both the numerator and de- 
nominator of the given fraction vanish, therefore, in this 
case, it is impossible to use directly the theorem on the 
limit of a ratio. In similar problems we may proceed as 
follows: we single out in the numerator and denominator 
of the fraction a common factor which vanishes at the 
given limit point, but does not vanish in the neighbour- 
hood of this point, and such that after cancelling this 
factor the denominator of the given fraction no longer 
vanishes at the point under consideration. Then we can 
use the property of the limit of a ratio. 

In our case: 


2 sin® x -} sinz — 1 = (2 sin x — 1) (sin x + 1), 
2sin*?z — 3sinz + 1 = (2 sin x — 1) (sin 2 — 1), 
and, consequently, 
li (2 sin x —1) (sin ++) 
x+nj6 (2 sin x —1) (sin x—1) 


lim (sin x+ 1) 


se Wii sinz+1 = x>n/6 
yng Sinz—1 Lim (sin z—4) 
x—>m1/6 
I 
sin| +1 
=—~—-=—3 
sin — 1 


(in addition to the theorems on the limits of a quotient 
and a sum, we have used the fact that the function sin x 
is continuous). > 


Qe 
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4.3. Investigating Trigonometric Functions 
with the Aid of a Derivative 


1. The basic properties of many functions can be suc- 
cessfully studied without the aid of the derivative, and 
the properties of the derivative are a good illustration of 
the properties of the function itself. However, in many 
problems points of extremum, intervals of increase or 
decrease cannot be determined by elementary means, such 
problems must be solved using derivatives. Besides, 
when graphing some functions, one must know more 
about the behaviour of the function, for instance, whether 
its graph touches the axis of abscissas at a certain point 
of intersection with this axis or intersects it and what 
angle is formed. Such questions can be answered only by 
considering the derivative. 

Let us first consider the rules for finding the derivatives 
of basic trigonometric functions. 
~ Definition. The derivative of a function f (x) at a point 
X_ is defined as the number 


f’ (25) — lim Lott) — f (Zp) 
h>0 


A function having a derivative at a certain point is 
differentiable at this point. Let D, be a set of points at 
which the function f is differentiable. Associating each 
number z € D, with the number f(z), we get a function 
defined on the set D,. This function is called the deriva- 
tive of the function f and is symbolized as f'(z). 

Example 4.3.1. Show that the function 


1 : 
zsin — if «40, «ER, 
joy=} ° 
0 li ee); 


is not differentiable at the point z = 0. 

Recall that in Example 4.2.1 we proved the continuity 
of the given function throughout the number line. 
qLet us prove that this function is not differentiable 
at the point xz = 0, that is, that no real number 6 can be 
equal to | 
f (h)—f () 


lim ; 


A>) 
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Consider the numbers z, = TEE (ee ee 


(such that f (z,) = z,) and z, = 1/nn, n= 1, 2, 
(such that condition f (z,) = 0). If b = 0, then for 6 = 
1/2 we set h = x,. Then 
f (tn) —f (0) = 4 
[Hed—10) 9] 4s 


——— ——" E, 


2 


and the inequality 


f (h) — f (0) 
jAM@=10 _alce 
does not hold for all the numbers h = zx, (any 6-neigh- 
bourhood of the point h = 0 contains infinitely many 
such points). Analogously, if b 0, then we take e = 
|b |/2 and set h = z,. Then 


Zn 


= |b|>e 


for infinitely many numbers of the form h = z, lying in 
any 6-neighbourhood of the point h = 0. » 

Recall that if a function f has a derivative at a point 
Zo, then a tangent line to the graph of f is defined, its 
slope being equal to f’(z,). The equation of the tangent 
line is: 


y =f (o) + f (Xo) (%@ — 2p). (4.2) 
Example 4.3.2. Prove that the function 
iis 
|x]2/2 sin — if x40, cER, 
if z=0, 


is differentiable at the point x = 0, and /f’(0) = 0. 
qFor agiven positive number « we sect 6 = e*. Then 


h)— f (0 
| f ( a f ( | <|nye<e, 


if O< |h |< 6. Consequently, 
O= lim LHL _¥ «), 


h—>0 
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Note that in this case the tangent line to the graph of 
f (x) at x = 0 coincides with the axis of abscissas. >» 
Theorem 4.3. On the domains of definition of the func- 


tions sinz, cosz, tanz, cot zx the following equalities 
hold true: 


(sin x)’ = cos 2, (cos x)’ = —sinz, 
(tan z)’=1/cos*zx (cot x)’ = —1/sin? x. 
Proof. For the function sin x this theorem is deduced 
from the first remarkable limit (Theorem 4.2). Indeed, if 


f (x) = sin az, then, by virtue of identity (2.18) for the 
sine of two real numbers, we have: 


[(e+th)—f(x) _ sin(z+h)—sin x 
h = h 


= (2 cos (x +>) sin -)/h. 


Now, using the properties of limits, we get 


_ kh 

Sli. 
ig OST) on eis (2+ ] 2 
h>0 : h+0 2 


ae } ; 
= lim cos (z+ —-} lim 
h/2->0 h/2+>0 > 


Here, we have also taken advantage of the continuity of 
the function cos z. 

For the function cos x the theorem can be proved using 
the reduction formulas (2.7) and the following rule for 
differentiation of a composite function: 

If a function g has a derivative at a point yy, =f (Xo), 
and a function f at a point xo, then the composite function 
h (x) = g (f (z)) also has a derivative at x, and 


h' (xo) = 8'(Yo) f' (to) = 8'(F (0) f'(%o)» (4.3) 
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Let us now represent the function cos xz in the form 


sin ($-— z) =e (F(@) and apply the rule (4.3) for 


g(y)=siny, f(«)=>—«: 


it 


(sin (=—-2)) =e (f (x)) f (x) = —cos ( 5 x) 


— —sin2. 


In order to prove the theorem for tan x and cot z, it suf- 
fices to use the rule for differentiating the quotient of two 
functions. Let us also recall some other differentiation 
rules. If the functions f (x) and g (z) are differentiable, 
then: 


(f (x) + g (z))' = f(z) + 8'(2), (4.4) 
(Cf (x))’ = Cf'(x), C is a constant, (4.5) 
(f (x) g (x))’ = f(x) g (zt) + f @) B'(2), (4.6) 

(f (z)/g (a) = LOO Oe 4D) 


for points x such that g (x) <0. 
Using the rule (4.7) and the aforeproved, we get 


tan’ z= ( sin x \’ _ sin’ cos x— cos’ xsinz 
cosz ]/ cos? x 
_ costzr-+sintz 1 
i cos? x ~ cos? zx ’ 
cot’ % ( COS Z )" __ cos’ xsin x—sin’ rcosz 
~\ sing sin? x 
_ —sintr—costx _ 4 > 
sin? x ~ sin? x ° 


Example 4.3.3. Find the derivative of the function 
sin r— xcos x 
a cosx+zsinz ' 
<q Using the rules (4.7), (4.4), (4.6), and the formulas of 
Theorem 4.3, we get 


( sin z—2zcosz )" u’v— uv’ 
—— =e 


cos x-+-xsinz v2 
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u=sinzx—xcosz, v=cosz+2zsing, 
u = sin’ x — (x cos =)’ 
= cos x — (cost — xrsin x) = x Sin x;y 
v'= cos’ x + (zx sin z)’ 
= —sin z+ (sinz -+ xcos xz) = zcos 2, 
u'v — uw’ = x sin zx (cosx + =z sin 2) 
— (sin z — xcos zr) x cos zx 
=- 27 sin? a+ 22 cost? xz = 2°, 
whence 
ae x 
y = (cos x-+-z sin x)? ’ 
the derivative exists everywhere in the domain of the 
given function, thatis, forz’ssuch thatlcos « + zsinz >< 
0. > 
Example 4.3.4. Compute the derivative of the indicated 
functions: 
(a) y = Sin (sin (sin =)), 
(b) y = sin (cos? (tan® (a* + 1))). 
4@(a) By the rule (4.3) for differentiating a composite 
function applied twice, we get 
y = cos (sin (sin x))-cos (sin 2%)- Cos z. 
(b) Let us write the function in the form of a composite 


function: 
y = fe (fs (fa (fs (fe (fa ()))))), 
where f, (x) = 2*+ 1, fa (x) = tan z, fs; (x) = 
jx (2) = Cos cz, f(z) = 2", i. (x) = sinz, and we 
fi (z) = 40°, ff, («) = A/cos? z f, (z) = 327, f, (c) = 
—sin z, f, (2) = 22, f, (x) = 008 2. Consequently, by 
applying the rule (4.3) several times, we get 
y’ (x) = cos (cos? (tan? (x4 + 1)))-2 cos (tan? (x4+ 1)) 
x (— sin (tan? (74 -++ 1)))-3 tan? (z4#-+ 1). SEED 4x3 
= — 127 cos (cos? (tan? (x4 + 1))) 


X sin (2 tan? (4 + 41)) eeeeay > 
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Example 4.3.5. Prove the following formulas for deriv- 
atives of inverse trigonometric functions: 


(a) (arcsin x)' — = 9 

z \' 4 
(b) (arceos — = ES 
(c) ( arctan =} = as ‘ 


<q Let us prove, for instance, formula (a). By the defini- 
tion of arc sine, for x € [—1, 1] there holds the identity 


sin (arcsin x) = @Z. 


Computing the derivatives of both sides, we get for 
Pale at: 
cos (arcsin x) -(arcsin x)’ = 1. 


But cos (arcsin z) = Y1—2?, since if a= arcsinz, then 
sina=xz, —n/2<a<n/2, therefore cosa is nonnega- 
tive and cosa=/V1—zx. Consequently, 


(arcsin x)’ == 1/Y 1— 2. 


Equalities (b) and (c) are proved in a similar way by 
applying Theorem 4.3, the rule (4.3), and identities 
(1.9), (1.10). p> 

2. Applying the Derivative to Investigation of Trigo- 
nometric Functions. Let us consider some _ essential 
things needed for solving problems with the aid of the 
derivative. 

Sufficient condition of monotonicity. Jf a function 
f (x) is differentiable on the interval (a, b) andf’ (x) > 0 
(f’ (x) << 0) on (a, b), then f (x) increases (decreases) on this 
interval. 

Remember that the converse is not always true; for 
instance, the function f (x) = 2° increases monotonically 
on the interval (—-1, 1), and its derivative f’(x) = 22° 
is not positive everywhere, f/'(0) = 0. 

A point xz) € D (f) is called the point of (local) mazi- 
mum (minimum) of the function f if for all x € D(f) from 
some neighbourhood of x, the inequality f (x) < f (%o) 
(f (x) > f (x,)) is fulfilled. The points of maximum and 
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minimum are also called the points of extremum of a func- 
tion. One should remember that if a function f (z) is 
defined on a certain set X, and z, is a point of maximum 
of f, rz) € X, then the value f (x,) is not necessarily the 
greatest value of the function f (z) on the set X. Consider 
an example. Figure 33 represents the graph of a function 
having on the interval X == (—1, 3) three points of max- 
imumM 2, Z., X3, however. none of them is the greatest 


Fig. 33 


value of the function f on the set X. Moreover, the given 
function does not attain the greatest value on X since all 
the values of the function are less than the number 2, but 
no number a < 2 is the greatest value. Indeed, we can 
choose a point x, such that a < f (xy) < 2 (see Fig. 33). 
The same note refers to the points of minimum and least 
values. 

Let us note (without proof) that if a function f (z) is de- 
fined and continuous on an interval fa, b], then this func- 
tion takes on the least and greatest values on this inter- 
val. This is one of the fundamental theorems in the course 
of mathematical analysis. Also note that on an open 
interval, half-open interval or throughout the number 
line, the function may not take on the greatest or the 
least value. This is exemplified by the function whose 
graph is shown in Fig. 33. 

A critical point of a function is a point from the domain 
of the function at which the derivative is zero or does 
not exist at all, 


43. Derivatives of Trigonometric Functions 439 


A necessary condition of an extremum. /f a function 
f differentiable at a point x, has an extremum at this 
point, then f'(x») = 0. 

A sufficient condition of an extremum. //, when passing 
through a critical point x,, the derivative of the function 
changes sign from plus to minus, then xy is a point of max- 
imum; and if the derivative changes sign from minus to 
plus, then x, is a point of minimum of this function; if the 
derivative does not change sign, then x») is not a point of 
extremum. 

We often come across problems on finding the greatest 
or the least value of a continuous function on a closed 
interval [a, b]. When solving such problems, it is not 
sufficient to find the greatest local maximum of the func- 
tion (the least minimum), we have also to compare these 
numbers with the values of the function attained at the 
end points x = a and xz = 0 of the interval. The greatest 
(least) value is frequently attained at the end points. 

In practice, to find the greatest or the least value of a 
(continuous) function on a given interval, one finds all the 
critical points inside the interval and compares the val- 
ues of the function at the critical points with each other 
and with the values at the end points of the interval, 
without further investigating the critical points. 

Consider several examples. 

Example 4.3.6. Graph the function 


f(a) => sin 2x2 -+ 2|cos 22] 


and find its greatest and least values on the closed inter- 
val [0, x]. 

qin solving problems with functions involving a modu- 
lus sign, we have always to consider two cases since 


a if asd, 
ia —a if a<0. 


The function cos2z vanishes if 27=— = +nk, ke Z, 


that is, r= 5+, AEZ, and if the number & is 


even, then cos 2z changes sign from plus to minus, and if 
k is odd, the sign changes from minus to plus. Conse- 
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quently, the inequality cos 2x > 0 is equivalent to that 
— sf am<gr< am, meZ, (4.8) 
and cos 2x <Q is equivalent to that 
fy nm<a< nm, me€Z. (4.9) 


Case 1: x satisfies the condition (4.8). Then cos 2x > 0, 
|cos 2x | = cos 2z, and, by Theorem 2.2, 


(aC o es = sin 2x-|- 2|cos 22| — sin (27+ g), 


where @ = arcsin =. -- <Qg< a (see Example 4.1.7). 


Case 2: x satisfies the condition (4.9). Then cos 2x < 0, 
| cos 2x | = —-cos 2x and 


f(x -- > sin 22—2cos 2x + - sin (2a —¢ ; 
2 2 : 


Where @ = arcsin =. 

Consequently, to construct the graph of a given func- 
tion, it is first necessary to graph the functions (see 
Sec. 4.1) 


— sin (22 -+ @) (4.10) 


anc 1248 
sin (22 — ¢) (4.11) 


using dashed lines, and then for the values of x lying on 
the intervals (4.8) to outline the graph of (4.10) using 
continuous lines, and on the intervals (4.9) the graph 
of (4.11); as a result, we get the graph of the function 
under consideration (the continuous line in Fig. 34). 

To find the critical points, note first that on the inter- 
val (0, x) f’ (z) = 5cos (24 + 9) if O<ax<ax/4 or 
gm/4<ar<n, and f’ (x) = 5cos (2x —g) if AA < 
x < 3n/4. At the points x = m/4 and x = 3n/4 the func- 
tion is not differentiable. This is proved exactly in the 
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same manner as in Example 4.3.1 by determining the de- 
rivative, and geometrically the absence of the derivative 
means that it is impossible to draw a tangent line to the 
graph of the given function at these points. 


Thus, f’(x)=—0 (on (0, 1)) at the points x, = = a 


46 


? 


t= + (both of them are points of maximum 
since at these points the derivative changes sign from 


Y 
1. y= sin2x+2|cos 2x| 
2 
| ! , 
| | 
i on 
2 \ 
! {\\ | i \ 
\ pe 1 \ 
\ ae |e — 
! 
1; \ 21% 75 V2 p \ * 
/ \ H \ } 
/ \ 
/ ; ail \ / 
t \ 2 (I \ f\ / 
: AN » ox. FF 
Y \_/ \ / \_/ VY 
Fig. 34 


plus to minus). The derivative is not existent at the 
points z, = n/4 and x, = 3n/4 (both of them are points of 
minimum since the derivative changes sign from minus to 
plus when passing through these points). Evaluating the 
function at the critical points 


2 
f(a) =1(=)=+. f(@)=f(=)=—-4 


and also the values f (0) =f (mn) =2 atthe ond points of the 
interval [0, =], we see that the greatest value of the func- 
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Fig. 35 


tion is equal to 5/2, and the least value to —3/2. Note 
that, by virtue of the periodicity of the function (its 
period being equal to x), these values are the greatest and 
least values on the entire number line. > 

Example 4.3.7. Graph the function 


y = x — cos 22 


and find its points of extremum. 

qTo construct the graph of the given function, we apply 
the method of “adding the graphs” of two functions. Let 
us construct the graphs of the functions /, (x) = xz and 
f. (x) = —cos 2x, on one drawing using dashed lines 
(Fig. 35). Now, the ordinate of any point of the graph 
of the function xz — cos 2z is equal to the sum of the ordi- 
nates of the points on the graphs of auxiliary functions 
(for an arbitrary value of z). By adding the ordinates of 
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points, it is possible to construct a sufficient number of 
points belonging to the graph of the function zx — cos 2z, 
and then to join them with a continuous line. Prior to 
finding the critical points, let us note that the given 
function is differentiable everywhere and that y’ = 
1 -+ 2 sin 2x. The derivative vanishes at the points where 
1 -+ 2sin 2x = 0, that is, at the points x = (—1y"" 4+ 
> (n € Z). Note that if n = 2m -+ 1, m€Z, then xz = 


= + am. At these points, the derivative changes sign 


from plus to minus, and therefore + = = -+ mm (m € Z) 
are points of maximum. If n-=-2m, m€CZ, then «= 
— Fy -+nm (m€Z), and, when passing through these 


points, the derivative changes sign from minus to plus, 
therefore these points are points of minimum. p> 
Example 4.3.8. Find the greatest and least values of 
the function f(r)=x—cos2z on the closed interval 
[—mn/2, n/12]. 
qWe use the investigation of the critical points 
of the given function (from Example 4.3.7), and see 
that the interval (— 2/2, m/12) contains both the point 
of maximum x= —on/12 and the point of minimum 
x= —n/12. Consequently, to find the greatest value 
of the function on the closed interval [—/2, 1/12}, 
we have to compare the value f(—5m/12) attained by 
the function at the point of maximum with the values 
reached at the end points f(—wm/2) and f(x/12). 


so Om on \ V3 5x 
We have t (+5) = — FF -00s (—S) ==, 
rt n nt t V3 
following inequalities hold: 
V3 On af V3 Oo n V3 
a i a ie Vi a ae 


which are derived from the estimate 3<n< 3.2. 
Therefore the greatest value of the function on the 
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given interval is equal to / 


bc). VO. OM Bank 
=a) = "9y7 ay Simi- 
larly, we find that the least value of the function on 
. , ; nt n V3 
the given interval is f (-+} Sag ae 
Example 4.3.9. Find all the values of the parameter a 
for each of which the function 


f (z) = sin 2x — 8 (a + 1) sin x + (4a? + 8a — 14) x 


increases throughout the number line and has no critical 
points. 

<q For any fixed athe given function is differentiable at 
every point of the number line. If the function f (zx) in- 
creases, then the inequality f’ (x) >0 holds at every 
point. If, in addition, f (z) has no critical points, the re- 
lationship f’ (z) 4 0 is true for any z, and, consequently, 
f’ (xz) > 0. On the other hand, if for all x’s the inequality 
f (x) > 0 holds, then, obviously, the function has no 
critical points and increases. 

In view of the fact that 


f' (x) = 2 cos 2x — 8 (a + 1) cos x + (4a* + 8a — 14), 


the problem can now be reformulated as follows: find all 
the values of the parameter a for each of which the ine- 
quality 


cos 2x — 4 (a + 1) cos x 4- (2a? + 4a — 7) >0 
holds for any x €R. Since cos 2x = 2 cos? x — 1, by 
setting cos x = t, we reformulate the problem as follows: 


find all the values of the parameter a for each of which 
the least value of the function 


at? —1 —4 (a + 1) t + (2a? + 4a — 7), 
or the function 
g(t) = —2(a+1)t+a%+4+ 2a —4, 


on the closed interval [—4, 4] is positive. The derivative 
g’ (t) = 2t — 2 (a + 1) vanishes at the pointt, = a + 1. 
Therefore the least value m of the quadratic function 
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g (t) on the closed interval [—1, 41] is equal to 


g(—1)=a?+4a—1 if a+1i<—t, 
nef seh = if —1<a+i<cl, 

g(1)=a2—5 if a+1>1. 
Since the least value of the function g (¢) on [—1, 1] must 
be positive, the values of the parameter a satisfying the 
conditions of the problem lie in two intervals: a< —2 
and a > 0. If a< —2, then the least value of g (¢) on 
the closed interval [—1, 1] is equal to a? + 4a — 1, and 
the desired values of the parameter a satisfy the inequal- 
ity a + 4a —1>0. If a > 0, then the least value of 
g (t) on [—1, 1] equals a? — 5, and the sought-for values 
of the parameter satisfy the inequality a? — 5 > 0. Thus, 
the set of the sought-for values of a is the union of solu- 
tions of two systems of inequalities 


ax—2 { a0, 
a*-1-4a—1>0, a*#—5>0. 


The set of solutions of the first system is the interval 
a<—2—Y)5 and the set of solutions of the second 
system is a> V5. Hence the required set of values 


of a is (—o, —2—V5)y(V5, +00). > 

Example 4.3.10. Construct the graph of the function 

f (x) = arcsin (sin z) 

and find all of its critical points. 
q The given function is defined throughout the number 
line R. By virtue of the periodicity of the function sin z, 
the function f (zx) is also periodic with period 2m, and it 
suffices to analyze it, say, on the closed interval [—z/2, 
31/2]. By the definition of arc sine, on the closed interval 
[—n/2, 2/2] we have arcsin (sin z) = x (see Sec. 1.4, 
Item 1), therefore for these values of x there holds. the 
“equality f(z) =a. If x €[n/2, 3n/2], then mn —2€ 
—n/2, /2], and the equality sin (xn — x) = sing im- 
plies that arcsin (sin z) = x — z. The final graph is repre- 
Sented in Fig. 36. In order to find the critical points of 
_ the given function, it suffices to investigate only those 
| 10-01644 
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Fig. 36 


values of x for which | sin z | =1, that is, x = a a 


nk, k € Z. Using the definition of the derivative, we can 
show that the derivative is nonexistent at these points, 


the points off the form x = > + 21m, m € Z, being points 


of maximum, and the points of the form z = + a 


m (2m — 1) = 5 +2nm, me€Z, being points of 
minimum. 
PROBLEMS 


In Problems 4.1 to 4.10, graph the given functions. 
44. y = | sin 2x | + Y 3 cos 22. 

4.2. y = |sin 2x | + V3 | cos 2z |. 

4.3. y = arcsin (cos xz). 4.4. y = arccos (cos 2). 
4.9. y = sinx —z. 4.6. y = | x | — cos 2z. 


ts 
sin— , x=&0, 
At. y=} a 


Q, x=—Q. 
rf R 4 
: sin—, 2x0, 
iB yo} " oe ue 
0, xz=0. 


i 2x 
4.9. y= arcsin oe 


410. y=Asintx + 4 cos‘ z. 
In Problems 4.11 to 4.14, compute the indicated limits. 
444. lim(e+4)sin+, 4.42. lim © eZ 


x ~> OO x— 0 x® +22 


Problems 447 


x->1 (x — 1)? ° 
y ; sin z+sin dz 
4.14. EL cos z-+-cos5z ' 
xXx>- = 


4 


In Problems 4.15 to 4.20, find the derivatives of the 
given functions. 


1-—— cos 22 : 
4.415. Y= Tos oe 4.16. y= (sin? x-+ 1) e*. 


AA7. y=tan2x—cot2zr. 4.18. y = 22 cos —, 


4AAQ, y= 2+ sin xcose. 

4.20. (a) y = tansinz; (b) y = tan® z. 

In Problems 4.21 to 4.24, find the critical points and 
compute the least and greatest values of the given func- 
tions. 


4.24. y== |sin 22] + VY 3 cos 2z. 
4.22. y = |sin 2z|-+- V3 |cos 2z|. 
4.23. y = arcsin (cos 2). 4.24. y == arccos (cos 2). 


In Problems 4.25 and 4.26, find the intervals of increase 
and decrease of the given functions. 


sin —, 2-60, 
4.25. yx=|x|—cos2z. 4.26. y= ss 
‘ x=0. 
4.27. Find all the values of x for each of which the 
tangent lines to the graphs of the functions 


y (x) = 3cos oz and y (x) = 5cos 3z -+ 2 


at points with abscissa x are parallel. 
4,28, Find all the values of the parameter b for each 
of which the function 


f (z) = sin 2x7 — 8 (b + 2) cos x — (4b? -+ 166 + 6) x 


decreases thronghout the number line and has no critical 
points. 
4,29. Find the greatest value of the expression 


sin2 (= — 40) —sin® (—= —42) for Ox<a<cn/8. 


1Q* 
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4.30. Find the least value of the expression 


cot 2x — tan 2z 


———_—_ —— for 0<r<—n/8. 
1+sin (-38:) 


In Problems 4.31 to 4.35, find the greatest and least 
values of the given functions on the indicated intervals. 

4.31. f(z) = 2+ cos*2, x €[0, 2/2]. 

4.32. f (xz) = tan x + cot 27, x € [n/6, 1/3). 


4.33. f(z) = cos2x-+sinz, x€[0, n/2]. 
4.34. f(z)= = an Sin ar} cos? x — cos x, 


4 
xE[—n/2, n/2]. 
4.35. f(x)=cos*x+sinz, x€[0, 1/4]. 


Chapter 9 a 


Trigonometric Inequalities 


9.1. Proving Inequalities Involving Trigonometric 
Functions 


Problems on proving trigonometric inequalities fall into 
several types. Some problems require to prove a numeri- 
cal inequality which is satisfied by some value of a tri- 
gonometric function or an expression composed of values 
of trigonometric functions; while other problems require 
to prove that an inequality is satisfied for all values of 
the arguments of a given trigonometric expression or 
for the permissible values of the arguments that satisfy 
an additional constraint of the hypothesis. However, in 
any case the solution is reduced to investigating the val- 
ues of a trigonometric function on some interval from 
its domain of definition or on the entire domain. In sim- 
ple cases, we succeed in transforming a trigonometric 
expression in similar problems so that it is then possible 
to directly apply an inequality of the form | sinz |< 14 
or |cosx |< 1. In other cases, we can transform the 
trigonometric expression under consideration so that, as 
a result, it takes the form of a function F (z) in which the 
argument z is represented by some other, simpler trigon- 
ometric function or trigonometric expression. In such 
a case, the solution of the problem is reduced to investi- 
gating the function F(z), bearing in mind that z can 
meet the additional conditions connected with properties 
of trigonometric functions. In this case the function F (2) 
can be analyzed using either the derivative or elementary 
considerations such as, for instance, the inequality be- 
tween an arithmetic and a geometric mean of two non- 
negative numbers a and Db: 


Va 


I 
& 
ate 

oR 


1) 
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in which the equality sign occurs only for a = b. An 
important class of problems comprise inequalities whose 
proof is reduced to comparison of the size of an acute 
angle, its sine and tangent (see equation (4.1)). We begin 
to consider some examples with this inequality. 

Example 5.1.1. Prove that for 0 << t<(n/2 the fol- 
lowing inequalities hold: 


sint<i< tant 


sin f 


cos $< —— <l. 


q Consider the trigonometric circle and mark the point 
P, in the first quadrant 

IY Wi corresponding to a_ real 

number ¢. Then ZAOP,=t 


G (radians). The first inequal- 
ity is obtained from the 
comparison of the areas of 

y the triangle OAP,, the sec- 
= tor OAEP,, and the trian- 
gle OAW,, where W, isa 

point on the Jine of tangents 

(that is, on the tangent to 

the trigonometric circle at 


the point A) corresponding 

Fig. 37 to the point P, (sec Fig. 37 

and Sec. 1.2, Item 3). It is 

known from geometry that the following equalities hold 
true: 


S, cap, = \OA|-|OP,| sin t = > sin t, 

S. vaw, ==> |OA|+ |AW;| = tan t, 

Soarp, = t/2 
(the last formula follows from the fact that the area of a 
complete circle of unit radius, equal to nr? = m, may be 
considered as the area of a sector of 2n radians, and, 


consequently, the area of a sector of ¢ radians is found 
from an obvious proportion and equals t/2). 
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Since A OAP, is contained entirely in the sector 
OAEP,, and the latter is contained in A OAW,, we 
have Sp oAP, <Soarp,<Sa OAW») whence 


sint<t < tant. (5.2) 
Dividing the terms of (5.2) by sint>0, we get1< 


t 1 Sin ¢ 
mt coor oe OS ee 

Example 5.1.2. Prove that sin 1 > 1/4. 
q Using the reduction formula (2.7), we pass to cosine 
and make use of formula (2.39) for cosine of double argument: 


sin 1=cos (+ 1 | = {— 2 sin? (=-+) ; 
We now use inequality (5.2), which implies that 
sin =— <ft- J, therefore 
{—2sin? (j-+)>1-2(4- 4)’. 
and, to prove the inequality, it suffices to ascertain 
that 1—2 (= — Ss) > or FE <0 or 


m—2n—4<0. Note that all the solutions of the 
inequality z2?—27%—4<0 are specified by the condi- 
tion 1—-VY5<r<14+)5. Using the estimates 
V5>2.2 and n<3.2, we get 1<3.2<1+Y5, 
T>O0>1—YV5. Consequently, together with the ine- 
quality 1?—2n—4<0, the original inequality is also 
true. p>» 

Note that inequality (5.2) enables us to calculate ap- 
proximately the number x. Indeed, it follows from (5.2) 
that for n > 2 the following inequalities hold true: 


. IU IU 
nsin — <Sacntan—_. 


Note that the number 2n sin — is the perimeter of a 


regular n-gon inscribed in the trigonometric circle, 
° Jt ‘ . 
While the number 27 tan— is the perimeter of » regu- 
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lar n-gon circumscribed about this circle (see Fig. 38, 
where n=5). It follows from Theorem 4.2 that 


Tt A an n 1 
lim n (sin —tan =} = lim ——_—__——_ 
N90 be % N00 ah 4 — cos ue 
n 
=n 1(1—1)=0, 


which makes it possible to approximate the number x 
by numbers of the form nsin =, n tan — 


Fig. 38 


with an arbitrarily high accuracy. For instance, if 


JT Ap f 
Ok? tan 5p can be found 


from formulas (2.47) and (2.49) for half-argument func- 


n= 2", then the numbers sin 


a 

tions. Thus, if s=2, then sin $=, tan =: ff, 
a 9 179 

therefore 2V 2 <n< 4. Ifk=—3, then sin ae V2-- 12 ; 


a V2aty2 


COs 8 5 


» tan = V2 1, consequently: 


4V2—-V2<n<8(V2—1). 
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Af Vo-Vo4 V2 qt 
icc 5 COS 16 — 


i 
Bia Ao om tan =.2VV341—-V3—-4, there- 


fore 8 Vo—-V24Vi<n<'16(2 VV2+1—-V2—1). 


In addition, the following estimates hold true: 


For k=-4 we get sin 


gVo_V2+Va> 34, 
16(2V V241—V2—1) <3.2, 


which are proved by squaring both sides several times. 

Hence, in particular, we get the inequality 3.14 < 1 < 3.2, 

which we used repeatedly when solving problems. 
Example 5.1.3. Prove that for O0<t<n/2 the in- 


equality ¢— = <sint holds. 
<q Let us use inequality (5.2) which implies that 


t t cr 
a Stan. (0.0) 


Multiplying both sides of (5.3) by the positive number 


t t t t 
oo r¢ ean Se eeeo se. ae 
2 cos 5 we get fcos* 5 <2 tan x COS" ~5 
t 


2sin —. cos-t sin t 
I a COS = Sin?, or 


t (4 —sin? > )<sin. (0.4) 


Since sin 7s > replacing in the left-hand side 
of (5.4) sin a by =, we get t (4 —+) <_ sin ?, that is, 


t—+ <sin t. > 
Example 5.1.4. Prove the inequality 


sin a@ sin 2a sin 3a <0 3/4. 
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qWe have 


; : . ' cos 2a — cos 4a 
sin @ Sin 2a sin 3a = sin 2Q ————__—__—— 


2 
__ 2sin 2a cos 2a — 2 sin 2a cos 4a 
7” 4 
sin 4a-+sin 2a—sin 6a 


3 
> sca 
since |sint |< 1. But an equality would occur only if 
sin 4a == sin 2a = —sin 6a = 1. Let us show that this 
is impossible. To this end, it suffices to show that sin 4a 
and sin 2a are not equal to 1 simultaneously. Indeed, let 
sin 2a = 1, then cos 2a —0, therefore sin 40 = 
2sin 2a cos2a=~20=0-1. p 

Example 5.1.5. Prove that for O<x1< 1/4 the ine- 


see > 8 takes place. 


sin? xz (cos x— sin x 
qSince cos <0, by dividing the numerator and 
denominator of the left-hand side by cos? z, we get 


quality 


1 
cos? x = 1-+ tan? 
sin?x /cosx  sinz \ tan? z(1—tanz) 
cos? x (sors COS Zz 


(i —tanz)*+2tanz 
tan? x ({— tan z) 
_ i—tanz ea 2 
tan? x tan z ({— tan z)° 


Since tanz+(1—tanz)=1 (a constant quantity), and 
the numbers a=tanz, b=1—tanzx are nonnegative 
by hypothesis, inequality (5.4) implies that for 
tan x= 1/2 the expression tanz(1—tanz) takes on the 


greatest value. Consequently, the least value of the 
2 


expression ned ne) is equal to 8. But since for 
mt “i 1—tanez 
0O<2t<cz the expression a a we have 
1 — Z 
tang , 8. > 


tantx ' tanec ({—tan =) 
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oa | 


Example 5.1.6. Prove the inequality 
sin’ a + cos? a > 1/8. 
For what values of a does the equality occur? 
qWe have sin* a + cos? a = 1, 
(sin’a -+ cos’a)? = sinta + costa + 2 sin’a cos? a = 1, 


but since, according to (5.4), sinta + costa > 
2 sin? a cos? a, we have sin* a -+ cos! a > 1/2, the equal- 
ity occurring when sina = -+-cosa@. Further, 


(sint a@ + cos‘ a)? 
= sin? a + cos®’a + 2 sint a cost a > 1/4, 
di 


and since, according to (5.1), sin® a cos’ a > 
2 sin’ a cost a, we have sin’ a + cos® a > 1/8. As before, 
the equality occurs when sina = -+-cosa, that is, for 


o= $43, keZ. > 
Example 5.1.7. Prove the inequality 
(x + y) (x -+- y 4+ 2cos rz) + 2 > 2 sin’ z. 
For what values of x and y does the equality occur? 
qLet us rewrite the given inequality as_ follows: 
(x + y)? + 2 (a + y) cosx + 2 (1 — sin? z) > 0, 
or (c+ y)?+2(¢+ y)cosxz+ cos’? xz + cos? zt > 0, 


that is, 
((c + y)? + cos rz)? + cos? x > 0. 


In other words, the inequality has been reduced to an 
obvious one, since both terms are nonnegative. For the 
equality to occur, it is necessary and sufficient that 


xzty--coszr=0, | zty=Q0, 
or 


cos? z = 0, cosz = 0. 
Consequently, the equality holds when z = = (2k + 1) 


y==f—- (2k 4-1), A€Z. For any other values of 2, 


y we have a strict inequality. » 
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Example 5.1.8. Prove that there occurs the in- 
equality —4<c.y<.2 — , where y=cos2z-|-dsinz. 
qWe have y=cos2z-+ dsinz= —2sin?x4-3sin x-+-1. 


Let sinx =z, aes —1<2<1, then y= — 222+ 32+1. 
—3 


2(—2) 
greatest value sa to —2.- arts o> —+1=2—. 


For 2z=+>7—s, =—- the function y(z) takes on the 


To find the least value of y(z) on the closed interval 


[—1, 41], it suffices (by virtue of the properties of the 
quadratic function) to compare its values at the end 
points of the interval. We have: y (—1) = —2 —3 + 
1= —4, y (4) = —24+ 3+ 1 = 2. Thus, for the num- 
bers z belonging to the closed interval [—1, 1] the least 


value of y is —4, the greatest value is Qe. »- 
Example 5.1.9. Prove the inequality 


O < sin® zx -|- cos!4 x < 1. 


@qSince sin? z <1 and cos? xz <1 for any x€R, we 
have: sin® x a sin? x and cos!4 x ~ cos* x. Adding these 
inequalities termwise, we get sin? x x + cos4 x < 1. Since 
sin’ x > 0 and cos'* x > 0, we have sin’ x + cos!4 x > 0, 
an equality being satisfied only if sin’ z and cos'* x are 
both equal to zero which is impossible, that is, sin® x +- 
cos!4z>0. p> 


0.2. Solving Trigonometric Inequalities 


For some time trigonometric inequalities have not 
been set at entrance exams, although some problems 
involve the comparison of values of trigonometric func- 
tions. For instance, when solving equations and systems 
of equations containing, along with trigonometric func- 
tions, logarithms or radicals, the domain of permissible 
values of unknowns is given by conditions having the 
form of trigonometric inequalities. In such problems, 
however, the only thing required is, from the set of roots 
obtained, to choose those which belong to the domain of 
permissible values without finding this domain itself. 
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But the ability to solve simple trigonometric inequalities 
may turn out to be useful, for instance, when it is re- 
quired to find the intervals of increase and decrease of a 
function using its derivative, and the function and its 
derivative are given with the aid of trigonometric expres- 
sions. In this section, we 
consider some examples on 
solving trigonometric ine- 
qualities. 

The technique of solving 
simple trigonometric ine- 
qualities is, in many re- 
spects, the same as that of 
solving corresponding tri- 
gonometric equations. For 
instance, let there be re- 
quired to solve the inequal- 
ity tant<a. The num- 
ber tan ¢ is the ordinate of 
the point W, on the line 
of tangents corresponding 
to the point P; (see Sec. 
1.4, Item 3 and Fig. 39). 
Therefore in order to solve 
this inequality, we have 
first to find all points P, Fig. 39 
on the trigonometric circle 
such that the ordinates of the corresponding points 
on the line of tangents are Jess than, or equal to, a. 
The set of such points is shown in Fig. 39; in the 
given case, it consists of two parts, one part being 
obtained from the other when rotated about the point O 
through an angle of m (radians). Then we have to pass 
from the points on the circle to the corresponding real 
numbers. Since the function tan ¢ is periodic with period 
m, it suffices to find all the solutions of the inequality in 
question belonging: to a definite interval of length x, 
since all the remaining solutions will differ from the found 
ones by a shift to the right or left by numbers multiple 
of x. To get the shortest possible answer, it is desired 
that the initial interval of length x be chosen so that the 
solutions belonging to that interval, in turn, constitute 
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a continuous interval. In our case, we may take, for in- 
stance, (—/2, n/2) as such an interval. If ¢t € (—n/2, 
m/2), then the found set of points contains on the circle 
points P, such that —n/2<t< arctana (in Fig. 39 
the points P,, and P;,, for example). Therefore, the set 
of solutions of the inequality tan x < a is a union of an 
infinite number of intervals 


ay + man<a2<arctana-+ an, n€Z. 


Other simplest trigonometric inequalities are solved in 


a similar way. For the sake of convenience, we give a 
list of solutions of simple trigonometric inequalities: 
(1) sinz<a. If |a|<1, then 


—arcsina + nm (2n —1) << x<arcsina + 2mn, ne€Z. 


If a > 1, then z is an arbitrary real number. If a < —1, 
then there is no solution. 


(2) sin r Sa. li |a|<1, then 
arcsin a + 20n <r < —arcsin a+ (2n+ 1)n, n€Z. 


If a> 1, then there is no solution. If a < —1, then z 
is an arbitrary real number. 


(3) cos rca. If |a | <1, then 


arccos a 4- 21n <x < —arccosa+ 2n (n+ 1), n€Z. 


If a > 1, then z is an arbitrary real number. If a < —41, 
then there is no solution. 
(4) cosx Da. If |a| <1, then 


—arccosa + 2nn< x<arccosa+2an, n€EZ. 


If a> 1, then there is no solution. If a < —1, then z is 
an arbitrary real number. 


(0) tana<a. — +n <ex<arctan a+ an, n€Z. 


(6) tan z>>a. arctan a-t- In << + an, n€ Z. 


(7) cotxz<a. arccota+an<xr<a(n+1),n€Z. 
(8) cotz Da. an<x<arccota + ann, n€Z. 
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In most cases, solution of trigonometric inequalities 
can be reduced to solution of one or several simple ine- 
qualities using identical trigonometric transformations 
and an auxiliary unknown. Consider some examples. 

Example 5.2.1. Solve the inequality 

: = sin? x -+ > sin? 2x > cos 22. 
q Using the half-angle formula for sine, we rewrite our 
inequality in the form 5 (1 — cos 2z) + 2 (4 — cos* 2z) > 
8 cos 2x, or 
2 cos? 2x + 13 cos 2x —7 <0. 


Setting y=cos2z, we get the quadratic inequality 
2y*+13y—7<0 whose solution is the interval 
—7<y< 1/2. Thus, the problem has been reduced to 
solving the inequality —7<cos2z2 < 1/2. The inequal- 
ity —7<cos2z is satisfied for any zx. Solving the 


inequality cos 22% < 1/2, we get = + 2mn <i 22 eee 


2nn, n€Z, that is, tan<ca< At 4an, neZL. p> 
Example 5.2.2. Solve the inequality 


o-+ 2cos 2x7 <3 |[2sinz —1 |. 


q Using the double-argument formula for cosine, we 
reduce the given inequality to the form 


7—4sin?x<3]2sinz —1 |. 
Setting y = sin z, we get 
7—4y?< 3 | 2y —1 |. 


(a) Let y > 1/2, then 7 — 4y? < 3 (2y — 1) or 2y? + 
sy — o> 0. “Solving this inequality, we get y > 1 and 
y < —5/2, but from the condition y > 1/2 we have 
y > 1. 

(b) Let y << 1/2. Then the inequality is rewritten as 
follows: 7 — 4y? < —3 (2y — 1) or 2y* — 3y —2 > 0. 
Solving the last inequality, we get y >2andy <= < —1/2 
or, by hypothesis, y << —1/2. 

Thus, all z’s satisfying the inequalities sin 2 > 1 and 
sin x < —1/2 are solutions of the original inequality. 
The first inequality holds true only for z’s satisfying the 
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equation sinz = 1, that is, 

x = + 2nn, n€Z. 
Solving the second inequality, we get 


Thus, z= > +-2nn, n€Z, and = + 20n<r< 
——4-2nn, neZ. p> 

Example 5.2.3. Solve the inequality 

sin§ z + cos® x > 13/16. 

q Transforming the left-hand side, we have 

sin® x-+cos® x 

== (Sin? v -|- cos? x) (sin x — sin® x cos? x-+ cos! zx) 

= (sin? x + cos? x)? — 3 sin? x cos? x 


= 3 29, 4.3 1—cos4r_ 9 3 cos 4x 
Sa a er aaa a a 
Hence, the problem has been reduced to solving the 


‘ i. > 
inequality =< -{- so > or cos4r%>>1/2. Hence, 


It 


qf amin << 4ar< = +2nn, n€Z, whence 


LL EL. 
ag typ Stag tg. nes. b> 


Example 5.2.4. Solve the inequality 


sin 2x -}+- tan x > 2. 
@ The left-hand side is defined for r+ on, n€ Z, 


| ‘ . . 2ta 
and for the same 2x’s the substitution sin 2x a 
4+ tan? x 


leads to the equivalent inequality 


2tanz 
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Setting y= tanz, we have is +y—2>0, or (since 


y2 +41 >0) 2y + (y — 2) (y2 + 1) S>O0. Removing the 
parentheses, we get y®> — 2y? + 3y — 2 >0 which can 
be rewritten as follows: 


yY(y—1)—yy —1) +2 —1) > 0, 


or 
yy? —yt+ 2)(¥y—1)>0. 


The quadratic function y” — y + 2 is positive for any y 
(since the discriminant is negative), therefore the last 
inequality is equivalent to the inequality y — 1 > 0, or 
tanz—1>0, tanz >1. Hence 


tan<er<p+an, ne€Zp 


Example 5.2.5. Solve the inequality cos? z < 3/4. 
qThe given inequality is equivalent to the inequalities 


—Y 3/2<cosx< Y 3/2 or to the system of inequali- 
ties 


cosa > —YV 3/2, 
cosa< VY 3/2. 


The set representing the solution of this system is the 
intersection of the sets which are the solutions of two 
simple trigonometric inequalities. In order to find this 
intersection, it is convenient to consider the closed inter- 
val [—x, x] and mark on it separately the solutions of 
the first and second inequalities. Then we get two subin- 
tervals 


57 qt qt 57 
Sgr ee ag AN ee ee 


Noting that one interval can be obtained from the other 
by shifting the latter by nm and taking into account that 
cos xz is a periodic function with period 2x, we may write 
the answer in the following form: 


tpan<ce< tan, n€Z. > 


11—01644 
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PROBLEMS 


In Problems 5.1 to 5.18, solve the given inequalities. 


5.4. cos x > 1/2. 5.2. sin 227 < Y 2/2. 
5.3. sin = > —1/2. 5.4. tan (82 — 1) < 1/73. 
5.5. [tang |> V3. 5.6. |cosz |< 1/2. 
5.7. sin? «<< 1/4. 5.8. tan? x > 1/3. 
0.9. 2sin?x<sinz. 5.10. 2 cos? z+ cosz < 1. 
0.41. |sinz|< |cosz]. 5.12. |sinz|>|cosz |. 
9.13. | sin x2 | cos z > 1.4. 
9.14. |sinz|+ |cosz|[>1. 
9.15. 4 (sin? « — | cos zx |) <1. 

sin z-+cos zx 
5.16. sin x— cos x > V3. 

o— 4 (sin? x-+cos z) 
5.17. aes rma <0. 

sin r—cosz | 
Oley. | Simacecoss |= 
5.19. Which is greater: tan 1 or arctan 1? 
9.20. Which is smaller: (a) a or arctan ++ 

arctan =? (b) — T or arcsin Sant as 


0.21. 


Which is cia sin (tan 1) or tan ‘ein 1)? 


In Problems 5.22 to 5.25, prove the indicated inequali- 


ties. 
5,22. 
5.23. 


2 
0.20. 


0.24, 
1. 


—+-<sin zsin (4 — 2) sin (+ +a)<z. 
O < cos? a + cos? (a + B) 

— 2cosacos B cos (a + B) <1 
(cot? a — 1) (8 cot? a — 1) (cot 3a tan 2a — 1) 


= kre ae net ~» 2 sine 
sin x—2 7S 3—sinz ° 


Answers” 


CHAPTER 1 


4.4. (a) In the fourth quadrant, (b) in the second quadrant, 
(c) in the third quadrant. 1.2. (a) A :A3, (b) A Ae, (c) AgAp. 
1.3. B,B,. 1.4, N=2-41-13= 286. 1.6. The number («—f)/n must 


be rational. 4.7. (a) sin 41> sin (1+) , (b) cos (1+=} > 


cos (1+) . 1.8. (a) The plus sign, (b) the plus. 1.9. (a) No, 


(b) yes. 1.10. The minus. 1.41. (a) 1/2, (b) —V 2/2, (c) ¥ 2/2, 
(a) 1/3/2. 1.12. The minus. 1.13. (a) —1, (b) —W3. 1.44. Hine. 


Consider the coordinates of the sum of vectors OP .4,, and 
i oa a 


N 
prove that this sum is zero since it remains unchanged under 


the rotation through an angle of 2n/N. 1.15. 9187. 1.16. No. 
1.149. 20. 1.24. (a) 6, (b) 30m. 1.22. m/3. 1.27, y=fothi, 
where /)= (sin (x +1) sin? (2x—3)-+ sin (x —1) sin’ (2z-++ 3))/2, fy = 
(sin (x --4) sin? (22 — 3) —sin (x —1) sin’ (2z-++-3))/2. 1.28. y= fot, 


qt _ x aes | ae 
where fyo=cos gz cosz —sin 75 cos 22, f1=—sin Zz sin x + 


cos Ty sin 2x. 1.29. (a) a=0, b is arbitrary, (b) b=0, a is arbi- 


trary. 1.30. (a) The plus sign, (b) the minus, 1.31. (a) The minus, 
(b) the plus, (c) the plus, (d) the plus. 1.32. (a) The plus, (b) the 
minus, (c) the minus, (d) the minus. 1.33. Increasing. 1.34. In- 
creasing. 1.36. Decreasing. 1.37. (a) cos t= —3/5, tan t= —4/3, 
cot t= —3/4, (b) cost= —12/13, tant=5/12, cot t=12/5, 
(c) cost=4/5, tan t= —3/4, cot t= —4/3. 1.38. (a) sin t= 24/25, 
tan t= 24/7, cott=7/24, (b) sint=—7/25, tant=7/24, cott= 
24/7, (c) sint= —8/17, tant = —8/45, cot f= —15/8. 
1.39.. (a) sin t=3/5, cost=4/5, cot i=4/3, (b) sin ¢=3/5, 
costi= —4/5, cott=-—4/3. 1.40. (a) sint= —5/13, cost= 
—12/13, tant=5/12, (b) sint= —12/13, cost=5/13, tant= 
@ 


* The letters k, 1, m, n symbolize any integers if otherwise 
is not stated. 


11+ 
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—12/5. 1.41. (a) + tank, (b) + Sb on, + arceos =f 2nk. 
1.42. (b) —4n/3, —22/8, 21/3, 42/3, 82/3, 4102/3, 14/3, 1677/3. 
1.43. (c) ate, (e) tak, (f) mk. 1.44. (a) 1/2, (b) x/2, 


(c) 47/3. 1.48. (a) ee arctan = arceot + , (b) arcsin 2. 


4° 13° 
is) 12 bs. d0 12 12 
arctan T° arccot =z (c) arcsin T° arccos rr arccot a 
5 
(d) arcsin = ; dieesess , arctan =, 1.49. (a) m—arcsin aus ; 
9) 9) 3 7 3 
m—arctan 2 V 2, arccot ( =e Tt — arccos = 
(b) arcsin (—+} areege —arccot ee arctan a 
Zo p? 20’ (i 24 ’ 
(c) —aresin = rcco a acts — arcco as 
Ta 008 (3g) 5 : 7 7 %—AaTCcos ae 
7 25 
m%— arccot = . 1.50. Seay ana 
CHAPTER 2 
2.18. sintsin 4s. 2.19. —sin2tsin4s. 2.20. 1/4. 2.21. sin 4t. 
2.22. $ sin 8t. 2.23. —cos?2t. 2.24. 2sin (cr—= } : 
(<n (1+) an) an (14) foe 
2.20. 8sin{ t r) sin (4 P sin { ¢t 3} sin t+ 3 cos ¢. 


2.26. —tani tans. 2.27. —2sin 2t sin s cos (2t—s). 2,28. 8cos 16t x 
cos? 2t. 2.33. 1/4. 2.34. 1/2. 2.35. —2 }5/5. 2.36. 1. 2.387. 4 or 
—41/6. 

CHAPTER 3 


nk 
3.4. 0 (2k-+4)/10, (—1)F +. 3.2. 0 (4k—1)/412. 


3.3. 1 (2k + 1)/2, (—1)h = tak. 3.4. 1 (2k+1)/4, (Aye 
3.5. 0 (2k-+-41)/4, m(2k+4)/44. 3.6. m (2k+1)/46, (—1)k+? pte 
3.7. mk/2, 1 (6k + 1)/12. 3.8. (—41)k+ tak. 3.9. x (4k-+4)/4, 


3 
arctan 5-+- mm. 3.10. 1 (4k-+3)/4. 3.141. —-+5k, arctan 7 + ik. 


3.12. mk/5, w(4k—1)/2, 1 (4le+-4)/10. 3.43. —-+nk, arctan 3-+ 
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tk. 3.14. 1 (2k-+1)/12, al + 2nk. 3.15. + Hk, arctan s+ tk. 


3.16. 2k/3, m(2k-+1)/7. 3.17. 2arctan3-+-2nk, —2 arctan 7-+-2nk. 
3.18. n(2k--1)/6, m(4k—1)/4. 3.419. m(2k+1)/4. 3.20. ak, 


(—A)z a4. 3.24. 1 (4k—1)/4. 3.22. mk, 0 (4k+41)/4. 3.23, mh, 
nk—arctan 3, 3,24. 2 (4k—1)/4, x (2k-+41)/2. 3.25, x (2k-+-4)/6, 
kA 3l+1, <«ak/5, kA~ASI. 3.26. + 5 arceos Y3—T an, 


_ = +Hk, = 5 arecos (—1/3)-fak. 3.27. 2 (4k +3)/32. 3.28. ak, 
nm (2k-+1)/6. 3.29. m(8k+ 1)/3. 3.30. (2k+1)/8, 1 (6k 1)/12. 
3.31. k/2. 3.32. + 2k, 3.33. (—A)R aresin ~~} mk, 3.34. ak. 


3.35. 1(4k-+1)/4. 3.36. tak. 3.37, m/2. 3.38. ot tak, 


77 2m An 
Feo tu, ad 3.39. Ith. 3.40. a + 4ank, a 4k, 


SOE tank, 3.42. (2, 4 —2+42ak) . 343. {(2, —1), (-=2; 


—1)}. 3.44. (m(2k-+1)/4, m(6144)/6). 3.45. (se (4k-+-4)/4, 
—m (42k-+1)/12), (0 (A2k—1)/12, 0 (1 —4k)/4). 3.46. (ot (2k-+3)/2, 


n(6k—1)/6). 3.47. (F+n(k—D, Ftxe+y), (—3+ 


nm (k—l), tn (e+) ) ; 3.48.  ((6k—1)/6),  (6k-++1)/6). 
3.49. (arctan stn, arctan — nk) . 3.90. (+ = tak, 
+ at | , 1—k==2m. 3.51. —2+412k, 24+42k. 


CHAPTER 4 


4.1, See Fig. 40. 4.2. See Fig. 44. 4.3. See Fig. 42. 4.4. See 
Fig. 43. 4.5. See Fig. 44. 4.6. See Fig. 45. 4.7. See Fig. 46. 
4.8. See Fig. 47. 4.9. See Fig. 48. Hint. 


—nm—d2arctanz, xC€(—o, —1], 
yd Barca xe[—1, 4], 
m— 2 arctan z, x€[i, +0), 
4.10. See Fig. 49. Hint. y=3-+cos4z. 4.411. 4. 4.12. —0.5. 


4.13. —2. 4.14. 1. 4.15. 2(tanz+tan? z), 4.16. (sin? z+ sin 2z+ 
1)e*, 4,17. 8/sin?4z, 4.18. 2xcos = + sin = ~ 4149. 2cos* z. 


4.20. (a) cos z/cos? sin x, (b) 3 (tan? z-+-tan4 zx), 4.21. Critical points: 
z=n(12k+1)/12 (y’=0 points of maximum), z=nxk/2 (y’ is 
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Fig. 49 
nonexistent, points of minimum), m a aa min y (x) = = V3. 
xER 


4.22, Critical points: z—=n (6k +4)/12 (y’ =0, points of sa eS 
x=mk/4 (y’ is nonexistent, points of minimum), max y (z)=2, 
R 


x€ 
puny (2) 4.23. Critical points: z=ak (the derivative is non- 
x€ 


existent), max y (z)= + , Miny (x)= — > 4.24, Critical points: 
x€R 


x 
z=nk (the derivative is nonexistent) max y (x)=, min y (xz) =0. 
xER xER 


4.25. Intervals of increase |°, ait : ose = 


12 Yo 4 6° 
m(2k+41), 2 m (21+1) 1 m (21+ 3) = | 
Sg tg ete [gg eG 
l1>0, intervals of decrease | — ~ , 0 ee = : 
mt (21-+-3) 4] 1<0 Es ae ee + 

4 6 J’ an © 4 - amen: Se a Fe 
k>0. 4.26. Intervals of increase © Lama <OEFD EE |" inter- 
vals of decrease (—<, —+ | tN +o), nae 4) 

2 


xR | k £0. 4.27. ak, m(2k+1)/8. 4.28. b<—3—V3, 


b>—1+4+ V3. 4.29. 1/72. 4.30. 2. 4.34. ymax=7/2, Ymin=1. 


4.32. Ymax = 2 Y 3/3, Ymin=!. 4.33. Ymax = 3/4, Ymin =.9- 
4.34. Ymax— 1/4, Ymin = — 1/4. 4 4.39. Ymax— 1. 20, Yonin = 1: 
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CHAPTER 5 
5.1. | —+2an, Siar Dees (—- = ae 
| Jon 1 
5.3, | —F +1000, = 41000 |. 5.4. (i e+ at 
IT stn if 6 
at) . 0.5. (— 3-480, ae E +ian, Bin), 


5.6. (3 --+H0, = tan) : (—F +a, React 
5.8. (—$ tm, — +a | ; rn + +a | . 5.9, | 2x, 
tenn], [ + 2am, n-+2an | . 5.10. (—x-+2nn, —= + 
ann ) , (F+2n0, sf 2am J . 5.44. (tan, Fan), 
5.12. (tan, +m). 5.43. (45 +200, oF + ann) , 
(TE +22, ~a5+ aan) . Bd. a oe 
F+an) 5.46. (tan, atm) BAT. bt 2a, ($+ 


Onn, SE ann) . 5.48. 1 eee nn | 5.49. tan4. 5.20. (a) 3/4, 
(b) we 5.21. tan (sin 1). 


5.15. (—Z+an, 
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